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PREFACE 

The E lom ontary Science Study 1s o n e o f many c w r,1 " ' "" 

programs in lho f ields ol sclonco, social studms. mHI 1.,,,•1 

under preparatron at Education Oovolopmont c,,111,,, 
vat~ nonprofit organization, incorpo rat ing tho ln•,11101•· t ·• 

Innovation and Educational Sorv,cm; lncorpo ralurll 11"'1·1 

dove1op now Ideas and methods for lmprovm g 1/1<· , ,,, 

of uducalion. 

ESS hu been e.uppo rtod primarily by u rants lrw n 11,,. r. 
Foundetlon. Ot1volopmont o f matonuh:1 lor tuoc h1nq ·.• 
garton through elghlh gredu r;tmlod on o 11m uH 11r. ,11, 

or 1h11 pr0Joc1 hae. 1lnco mvolvod m o ro tlUJn II t11md 1 

e:ducit1or1i In tho concopt1u n ond doruun o r 1tu u1111· 

theMJ tcholara tu;vo b(Jon b1ologui1n, phy11i crn1r,. ' "·''' 

Ob&rl , •nd l !J'UCh(.ir(i (Htpor1uncud IT1 workhl(I Wllh 
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wh,10 1 (, t,1ldruri h t.tll,.I 111111.lfJIJ lhu lo rm 1u11J (.(Jflll , 111 ,.I 
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PREFACE 

The E lemen1ary Science Study is o ne ol many c:umculum development 
programs In !he fields o f sclonce, social studies, and ma1hema11cs 
under preparation at Educallon Development Con1er, Inc EOC (a pri• 
vale nonprofit organization, lncorporallng the lns111u to tor Educational 
lnnovalion and Educational Services Incorporated) began m 1958 to 
dovalop now Ideas and methods for Improving tho content and process 
o l oducalion 

ESS has been supported primarily by granls from tho No11on,,.1I Sc1onco 
Foundallon. Oovolopmont of malorials for leaching sc1onco from 11.1nc10,· 
garton through eighth grade Slarlod o n a small acolo m 1960 Tho w ork 
o l the proJoct hes since involvod more than a hundrod scmn11~1s und 
educetors in lho conceptlon and doalgn or l!s un11s o f study Among 
1heau scholars havo boon blologlats, physicists , matt1em11t1cwns, mic..11· 
noors, and teuchors uxperlenced In working with c h1ld1011 o l 1111 R{IOS 

from kindergarten through collogo. 

Equipment lllma, and prlntod mtttorlols ore produc ud w11t1 1'1u 11.,Jp 

o1 atoll speciolists as woll IHI tho fUm studio, tho pho1ogrnph1c 
laboratory, and tho p roductlo n ahopa ol EOC. At uvu,y s111uo ol cto
velopment. lduos and moterlals aru tukon Into ac 1u11t c lut1!11oom:.. 
whu,o c hildren help ahapo tho form and conlonl o l ottc ti u rn t h,1l11w 
It is roloa1Jed lo sc hool& c:,vu,ywhero. 

Attribute Games •nd Problem• 



FOREWORD 

Attribute Games and Problems had its begmn1ng 1n about 1953. I had 
been perplexed by the fact that some of the students in my fifth grade 

class al Shady Hill Schoo l , Cambridge, Massachusetts, who were 
most successful in dealing with new problems in fresh and creative 

ways w e re not particularly d1st1nguished in trad111onal k inds of school 
work, and, conversely, other students , who were able to complete 

assigned work efflc1ent1y, were quite hm1ted when dealing w ith 
problems which were not fami liar to them. As I s tudied problem• 

solving approaches more closely. I became convinced that there were 
very important aspects of children's thmking for which w e had no 

adequate measure. The block•sort1ng test which I d eveloped to obtain 
more obJective evidence about skills o f thought became the direct 
ancestor of A Blocks and People Pieces. 

This expenence with the block-sorting test helped me become aware 
of the importance of classification in problem solving and the value 

o f developing skill in handlrng class relationships. We experimented 
with many games and puzzles. One of these. which my f ifth grade 
class helped me develop over ten years ago. is presented here in 
the form of Creature Cards. 

Zoltan Dienes recognized the importance of this w ork. and ga•,e u -, 
s trong encouragement m i ts early stages. 

The attribute materials w ere made available for a larger scale trial 1n 
1964 by the Elementary Science Study. Many mod1f1ca t1on<, and ex• 
tensions have been made since then. Many people on the ESS stall 

have helped by reporting their own expertences w ith these materials 
and also their experiences in using them with ch,ldren and w11h 

teache rs in workshops. Madison Judson . Patricia Brinson, and Charles 
Ascheim, in particular , have helped me w ith further testing and ,e

v1s1on . Mary Leta Sherburne and Edith H. E Chu rchil l have been very 
helpful w ith evaluation. 

A great many teachers and s tudent teach ers, too n umerous to 11st 

have helped us by testing, cntrcizing, and offenng alterna11•,es Ray 
Hemm ings of Leicester University 1n England and Marim C Michener 
have contnbuted their thinkmg on Latm Squares 

Elmer W. Smith d id !he d rawmgs and invented many o l !he names and 
some of the id eas for Crea ture Cards. 

Janet Williams, Fneda Ployer, and Adehne Naiman have provided 
In 1962 I had a chance to develo p some ol the educational imphca• helpful editorial assistance. 
t1ons of this work w ith five•year•olds. Two people were my principal 
collaborators in this stage of the development David Armingto n. now D r. Kallet has contmued to assis t with development. 1es11ng. anCI 
assocrated with the Cleveland Pubhc Schools. observed some of my wntmg. His contributions have mfluenced the progress of !he work 

work with children and repeated many ol the activities with another strongly. 

class of flve•year-olds. Anthony Kalle!. of the Advisory Center, 
Leicestershire. England. part,cipated in many of the discussions which 
we had and contributed new ideas o f his own such as the city•planning 
game and the pattern games wi th the Color Cubes. 

The contr1but1o ns of these 1wo people have strongly shaped the con• 

tent and the style of this work A great many suggestions came 
di rectly from the children or were suggested to us by the kinds o f 
t h ings which they did w i th the materials 
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INTRODUCTION 

Attnbute Games and Problems 1s concerned w i th the development ot 
thinking sk ills 1n c h ild ren. It p rovides an opportumty for chi ldren to deal 
with p roblems mvolvmg c lassif ica tion and the relat1on sh1p s between 
classes. Exp eriences w ith such p roblems can help provide the lam,hari ty 
and t h e skill necessary to r sol ving problems 1n sc ience. social studies, 
mathematics, or w herever c tass1hcat1on and deahng w i th the rela tions 
between c lasses are called lo r 

Attribute Games and Problems inc ludes a variety of materials : wooden 

b locks and cubes. plastic squares w i th pictures o f people on !hem . 
colored loops end label cards , a set of Creature Cards included ma set 
of problem card s wh ich suggest some of the act1v111es which a,e poss,. 

ble, attribute stickers. and a teacher 's guide tor the use o t the matenals. 
Included on the cards are suggestions for games and ac!lv1!1es sunple 
enough fo r most f,ve--year-olds and complex enough for anyone Older 
students w ho are going to w o rk directly w i th the problom cards sh ou ld 

begin w ith t h e ca rd Suggested Games and Problems 

These ac tivi t ies are no t hnked to a particular sub1ec1 m lhe curncutum 
or to a narro w rang e of ages. The act1v1t1es need not involve an entire 
class a t the same time n o r do they req uire an entire class penod They 
can b e u sed during regularly scheduled c lasses 1n science 0 1 o ther 
subjects or m o re freely be tween classes or at other times durmg the 

school day. 

Attribute Games and Pro blems has g rown out o f a long-range study ol 
children's th ink m g 1n and ou t at the classroom and a continuing analys,s 

of thei r diffi cult ies and successes 1n a wide range ot 1nteltectual under

takings. There appear to be thinking ski l ls and atlltudes toward problem 
solving wh ich are relatively mdependent of sub1ect matter Some Chtl· 
d ren acquire e ffective thinkmg sk i ll s and a useful orien tat ion toward 
learning in the normal course o l gro w in g up m a complex w orld . but th e 
acquisitio n o f useful skills and atlltudes 1s by no means automatic . even 

under c o n d it ion s whi ch most peop le would regard as favorable. Many 
children succeed 1n school by repeating wha t they are told 1n a shg htl y 

d1 lleren t form or by pure m em onzat1on Such strnteg1es m ay be e ttect1ve 
to r meeting curriculum requirements . but they a, o o ften of h!IIP ex 
tended value It has seemed to us that at presen t ro1at1vely fe w c hi ldr en 
develop persistence and zest tor d eahng w ,th n ew comple ~u ttes nor d o 
they becom e aware o f then o wn 1nteltectunl power 

The resu lts of our 1nvest1ga1tons 1end to c o n tu m a su sp1c1on w ,;> hove 
had that some 1mportnnt mlellectual skill s depend rar mo,e on 1110 i..mds 
o f experiences a ch ild has hnd thlln th e y do upon h is age o, gradt> ,n 

school It is l or this reason that 1n Att11 b u re Games l!Wd ProOl"ms lfH.l 
same material s arc u sed though 1n d1fle,ent ways tr a m i..1ndergnrton 
through eighth grade and beyo nd 

Chep1er t ol thi s t eacher's g uiOtl consists o f ,epro duc\lons o t ., S«'llC'S 

o f cards descnbmg games nnd p roblem s tog e ther w it h ,l comm~nt:uv 
on the cards wh ich suggests allernet1ves ond {> 11.l en s,ons tor us(' ,, 1th 
chi ldren o f d i fferent ages These some cards a re p 11n ted septHl'l tely to, 
use by students a t the Junior h igh school le, el o r to servt" :,,s remmders 
of poss1b1htLes !or teachers wo rking with younger ch1ldrn11 P~1hops thtJ 
best introduction to Arrnbure GBmos a nd Prob lems w ould be to Attl'nd 
a w o rkshop m wh ich you would p lay som o o l the games suggc-stcd he•£> 

usmg Co/or Cub es. People Pieces, A Blocks. and Crth'l ture Cttrds Bolo,e 
you use these metenals w ith ch ildren yo u should h a 110 an oppo1tun1ty 
to play some of the s imple and the advanced games you rself so that vou 
will have a sense o t the range o l possib le nc t1,1t1es 

Although many of the games and p ro b lem s su gg es tPd ,n the cards can 

be played with younger ch1ld ro n . d o not expec t l h1;>m \Cl approach lhe 

problems Ill Just th e way you have done them Some of these ca,ds en 
courage analysis which w o u ld b e p remalu re 10 1 younger ch ildren In 
w ork ing from the cards you should be con cerned w ith \Our o wn th1ni... 
i ng . not with how you are gomg to pr e sent these p,ob1ems to your class 

It will probably be more helpful to yo u to ro turn to the commen tary a t a 

later time than it w,H to read ,t when you a, e 0 )1.plorlng the ca1ds tor the 
first t im e Some of the games call to, two peop le so w ori...1 n g w i th a part• 



ner will probably prove helpful. Some of the problems will prove chal
lenging. You may wish to work on them over a period of several days or 

weeks. 

If the full problem card sequence appears too formidable or if you do 
not have time to complete all of it before beginning to work with chil

dren, you can make a selection of the cards which would serve as a 
briefer form of introduction. One such selection is as follows : 

People 
A Blocks Color Cubes Pieces 

1-5 1-4 1-8 
11 -12 
16-21 

23 
25 
27-31 

Creature 
Cards 

1-7 

Successful work with children will require you to have in mind many 
ideas from which you can work , not just a few which you try out one at a 
time. One of the best ways of acquainting yourself with these materials 
is to play the games at home with other adults or with members of your 
family. Many people have found that they make rather good parlor 

games. 

Pleaae read the lnatructlona on problem card A Blocks 1 before open
Ing the box containing the A Blocks. 

Material• 

You will need to order four separate items for Attribute Games and 
Problems: 

1) The basic package which contains three sets of boxed materials : 

A Blocks - 32 wooden blocks, all different; 6 colored cord loops; and 
20 label cards and 4 blank cards 

Color Cubes - 60 wooden cubes in 6 colors 

People Pieces - 16 square plastic picture tiles, all different , and 8 label 
cards 

2) The set of problem cards which includes the following : 

a cover card 

a card with general directions 

39 problem cards for use with A Blocks 

17 problem cards for use with Color Cubes 

16 problem cards for use with People Pieces 

15 Creature Cards, which form an additional set of materials 

3) The set of gummed stickers which can represent A Blocks and Color 
Cubes for mapping problems and making puzzle cards 

4) The teacher's guide. which includes a replica of each o f the problem 
cards and a commentary on their use with children, and also o ffers 
background Information on the learning processes involved in work wi th 
Attribute Games and Problems 

CHAPTER ONE 

COMMENTARY ON PROBLEM CARDS 

W hen you have worked through the problems presented in the cards, 
you w ill beg in to sense some of the poss1b1ll11es which these materrals 
open up. It may surprise you that some of the problems have been round 
appropriate for use with children as young as five. The commen lary m 
th is chapter w ill d iscuss the games and problems and indicate ways m 
which they may be presented to younger children. We will also discuss 
u ses with older children , although 111s our experrence that almost every
thing we suggest lor younger children apphes 10 older ones 1f a teacher 
uses common sense and 1s aware o f appropriate terms ot presenta11on. 

The cards in th is set have been numbered simply tor purposes of 
reference The numbering shou ld no! be taken 10 mean that there 1s any 
fixed sequence for worki ng through the games and problems. while we 
have suggested start ing with the generation o l the set . we have begun 
w ith a matnx game w ith equally good results Certain cards may not 
prove to be particularly usefu l slartmg poin ts. bu t as you work w ith the 
mater ials yourself , you will undoubtedly sense wh ich act,v1tces provide 
good introductrons Our discussion al the cards follows the order tn 

which they are numbered , but i t 1s important for you to keep 1n mind the 
possibilities lo r rearrangement As you work w ith cnlldren on a par
ticular problem, 1t may occu r to rou 1n the light or you r fam1l1anty w,th 
the entire range of games, that a useful next step migh t be a game which 
occurs well along 1n the series. Feel free to expenmen t wi th dtfferent 

orderings and encourage the children 10 do likewise 

In general 1t ,s best to begin w,th the A Blocks problems and games Th,s 
does no t m ean that all of the A Blocks ca rds need to be worked thro ug h 
before going on to People Pieces , Color Cuoes. or Creature Cards 
it may be desirable to in tersperse some of the ra1te1 among A Blocks 

games. 

In lhe development of these matenals we have fou nd ourselves referring 
to various kinds of problems by name. but we have ref rained from apply• 
ing our own set o f names 10 the card s. si nce names should arise alter 
one is l am1har with that wh ich 1s being named You and lhe cn1ldren may 

well develop your own set of names for the various activ1tJes There are 
certain broad classes of aUribute act1v1t1es. such as sorting, mapping. 
loop games, take-away games. question games, pamng games . and so 
forth , bu t these terms may no! be the ones you and the ch,ldren feel 
most at home w rth , and we ment,o n them merely as suggestions 
These games can be played 1n many d1tterent ways you may choose 10 
play with an md1v1dual ch,ld or a group of Children two or m o re c!'ul 
dren may use the materials off 1n a corner a number of ch ildren may 
play among themselves with you o n the periphery making suggest rons 
or tak ing part as the s1tuat1on seems to warrant W e have found that 
when an adult 1s playing w rth child ren 1t 1s often useful •o tl..;rn the 
tables. to have the children present problems tor the adult :o sol,1e 
Children gam skill 1n se111ng proolems tor one anot°"ler Tney cccome 
adept at inventing games and p, oblems of the ir own It rf'ay also be 

valuable to r !hem to d iscover t""lat they can upon occas,on r11erit a 
problem which presents a real challenge 10 an a:jul~ Anotner prac: .ca 
advantage tn changing roles now and then ,s that do·ng c;o may 9 • e fC 
a chance to Judge how much insight a child nas ga ned into the n a1 _,,., 
ol mventmg and se tt ing problems In making up a matr , orcblem 
(Cards 19 and 20) for example a ch ,ld may ta"-e away so man; p 1>,:.e~ 
that the matri x cannot be reconst ructed and this can be a poin• l0r 
d1scuss1on. The mam 11a.lue of allowing c h ildren to se t pro o!ern!> •::,r 1ou 

however 1s that 1t may lead to a greater sel"tse ot part rerst"'1p .., 1 ::.'J ...,. 
man endeavor - learnm g 
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COlalENTARY: A ■LOCKS 1 

Most children greatly enjoy the process of " generating·· the set. Older 

students can be g iven a set of problem cards and a box of A Blocks and 
allowed to proceed on their own, just as you have done. Younger chil

dren will have to be introduced to the set in another way. 

The foUowing scenario is an example of the procedure followed in 

classes with younger children. This method of presenting the problem 

Ciln be used with an entire class or with smaller groups. No matter how 

big or small the group you are working with, be sure the pieces are 
placed in full sight of everyone as they are brought out. Proceed in a 

leisur8'y fashion, grYing the children plenty of time to think about what 

they are seeing. In this way, even five-year-olds will be able to predict 

what is in the box. 
Teacher: 

(Holds up the closed box so everyone can see it. then shakes it a few 

times.) What do you think is in this box? 
Child : 

Stone:,? 
T No, not stones. Listen. (Shakes the box again.) 

C : Buttons? 
T : No, but some of the things are shaped a little like buttons. 
C : Balls? 
T: No. 
C : Candy? 
T : No . 
C: Wood? 
T: Yes. all the pieces In the box are made of wood. Here·s one of them . 

(Puts large blue square on the table or floor where everyone can see 

it.) What else do you think there is? 

.. 

C : Do you have another one like that? 
T : No, that's theonlyonejustlike that. 
C : Is there a different color? 
T: Yes. Here's a yellow square. 

C : Is there a red one? 

T : Yes. (Puts out large red triangle.) 

• C : (Points to the red triangle.} I want a blue one like cha t. 
T: Here 's a blue triangle. 

~ 
C : Is there a different shape? 

T : What shape would you like? (Puts out a large blue d iam ond.) W hat 
shall we call that? • C : Adiamond. lwantanotherdiamond. 

T: What color would you like? 
C : Red. (T puts it out.) 

A red square. (T puts it out.) 

Another diamond. (T puts out a green one.) 

At this point children usually see that !here should be a green square 

and a green lnangle If ! hey run m10 !rouble callmg fo r p1eces. you m1ghl 

arrange !hose already o ut according to shape .... 
••• or color ... 
£. I • 

or 1n a simp le matrix 

• •• •• 
■ 

Let the process of generating lhe set take i ts t ime If a child simp ly asks 
for '"a red ·· you can say ··whal shape would you hke the reel to oer· 
S1m1larly, 1I the child asks fora certain shape. ask h im for the color 

You can c o n trol the amounl ot 1nformat1on you give by the pieces w hich 

you put out Suppose only two pieces a.re out - large red SQuare anc, 
large red triang le -.. 
and a child simply asks for anomer p iece If }Ou produce a large 
yellow SQuare , 

the chrld will kno w that squares come in yellow as ¥. @ll as ,,, red a --.c 

may possibly tnfer that there 1s a yellow triangle 1n the set I •fou p•-:-::1.,,:e 
a la rge red circle, 

■ • the child w ill see that there 1s another shape 1I )Qu enn3 o ... t a s.r-"a 
red circle. 

■ • 
the child w ill learn there ,s another Shape and anott-;;,,- s,2e 



New information is probably best in troduced gradually. It may be worth 
delaying the introduction of the small p ieces until five or six of the large 
pieces are on the table. Of course, if a child specifically asks for a small 
piece, or for " another yellow triangle, " you will be forced to bring a small 
piece out sooner. 

Seeing the first small piece that matches a large piece already out can 
be exciting and may be followed by a burst of requests for small pieces 
to match the large pieces on the table. One reason ch ildren often f ind 
generating the set stimulating is that it reveals clear1y to them their 
ability to think of things they have not seen. Although delighted w ith 
their skill, children will not realize that they are handl ing a complicated 
system of logical implications. 

Children w ill often want - and should be encouraged-to follow this 
kind of introduction to the A Blocks by a considerable amount of free 
play on their own. Besides being fun, free play also leads to a familiarity 
with the set which is a prerequisite for later activities. 

Young children may not be able to name the pieces immediately. Some 
f ive-year-olds may be learning the names of the shapes for the first time, 
although most will know the names of the colors . In naming shapes and 
sizes. children are apt to be quite redundant- the circle usually gets 
the most thorough treatment simply because there are so many good 
names for it. One five-year-old, struggling for a complete label , came 
up w ith ''Little round small red wheel! '' 

At this early stage ch ildren should be allowed w ide latitude in their 
choice of names. To avoid confusion you should eventually settle on one 
name for each size and shape, and use i t consistently. 

After generation of the set and some free exploration. playing the follow
ing game w ill give the children some practice in naming the A Blocks : 

Put all the blocks out where everyone can see them. Name a piece, then 
ask a child to point to it . At f irst . children who are just learning to coor-

dinate the th ree classifying attributes of each piece w ill find it easier to 
point to the piece than to supply its name. (In our trial classes we gen
erally named the pieces in a standard order - size, color. shape-and 
the children usually adopted this sequence. However , " red-circle-small · 
is just as acceptable as " small-red-circle" and need not be corrected.) 

Play this scanning game and any variations you or the children can thmk 
of. For example, let the children take turns pointing o ut and naming the 
pieces. As they play w ith the blocks in this way , ch ildren learn the names 
of the pieces quite spontaneously , often teaching each other Some 
children, however, may need your support or guid ance. In helping a 
child . it might be wise to back up and start playing the game with him 
from the beginning : 
T: Show me a large green square. 

C : (Points to a small green square.) 
T: That's green and it is a square, but is it the large one? Can you find 

the large green square? 

We feel that it is important to work w ith the full set of blocks. You might 

be tempted to simplify the process of learning to name the pieces by 
concentrating on just two shapes or two colors. We bel ieve. however. 
that children need, and can deal with , the complex ity and challenge of 
the entire set. 

After playing these games with the children, encourage them 10 re
hearse, repeat, and extend their experience through free play 

A Blocks 2 

How m any w ay1 can you ou,ld w ,1h tnem '> 

Can you m alte an unusu al con11tuc 1ion'> 

W h at do you U11nk • usual · conitruct,on would loo lo. l, lo.e? 

COMMENTARY: A BLOCKS 2 

It Is important to follow the first problem with free play and, i ndeed, 
children should be encouraged to return to free play often. There is no 
need to make a distinct ion between work and play. The A Blocks usually 
make a strong perceptual impact ; the colors and shapes are attractive 
and invi te bu ild ing. II the work captures chil dren ·s interest and stimu
lates their imagination, then i t is play, and they are learnmg from 1t . 

A Blocks may lend themselves to a somewhat d1tlerent kmd o f play use 
than do standard kindergarten building blocks. In one way A Bloc ks may 
seem lim ited as building units. for there 1s only o ne of each kind of 
piece; i t is not easy to construct elaborate castles because there are 
limited numbers o f each shape out of which to fashion walls and towers. 
Building size may be limited , but the var1ety ol structures whi ch can be 
created is not . Each of the A Blocks 1s umque. One advantage of this 
uniqueness is that children may be led to explore the exc111ng wo rld of 
asymmetry · even i i a child builds symmetrrc ally w1th respect to shape, 
he may not ice that his structure does not have color symmetry. We ha11e 
often no ted that 1n their free play with A Blocks child ren begtn rather 
conservatively w ith shape symmetry , and . as !hey grow l amihar w ith the 
m aterials, become more audac ious in exploring asymmetric al 

Despite the endless alte rnat ives for building w ith the blocks, a child 
may repeat the same basic pattern, perhaps w ith mmor 11ar1at1ons tf 

he favors certain constructions. try, after a w hile, to 1n1eres1 him in 

m akmg somelhtng ·new,"' something unusual or somethmg " tha t 

has never been built before.· 

Several ch ildren wo rkmg around lhe same table may stimu late one 
ano ther There may be much copying, bu t th ,s certainly should not be 
d iscouraged A ch ild may start out by 1m11a1mg bu t he w 111 p robabl y end 

up making mod1hc at1o ns and c hanges of his own 

~-~M.--,,. 

~ .,. 



Two pieces of cardboard interlocked al right angles like this can form a 

serv,ceaole screen for fwo or lour Children. 

Line o f sir:,hf observa//on 

Another way to encourage innovation in building is to suggest that two 

children divide a set of blocks between them and build something on 

opposite sides of a screen. 

Children often derive considerab le pleasure from building pn11ately 
and then pulling the screen away to reveal their "surprise,'' or standing 

up and looking down on the other constructions. 

A turntable such as a lazy-susan or an artist's modeling stand can be a 

most effective accessory to building activities. A large board - a three
foot square of Masonite, for example- placed on the turntab le provides 
much more room for building and dramat izes chang ing relationships 
of the pieces as they are rotated , especially when the c hild 's line of sight 

is level with the buildings. As the structures are rotated. they change 

continually i n appearance and relationship and so become even more 
fasci nating. 

After c reating interesting designs, children may begin to use the blocks 

as a basis for involved fantasies. They may represent bu ildings, people, 
animals. spaceships, and so forth . The liveliness of such fan tasies wtll 
often be sustained if the children are left alone to play free ly, without 

any requirement that they analyze or interpret. 

As he builds, the child is , in a sense, experimenting with symbol systems, 

systems of representation . He needs time to devise these for himse lf . 
and to become aware of his own powers to do so. Our experience with 

children suggests that free building, free and imaginative use of these 
materia ls, may be related to the ability to appreciate and use such arb i

trary symbol systems as language and mathematics in later educa1ion 

The child who has had ample opportunity to c reate systems of his own 

may be better prepared to explore those presented to hi m 1n problem
so lving situations. 

A Blocks 3 

Choose a shape Take out all !he l)l&ces 1h11 nave tnos snape even 1nouQn 
1na1r colors ano s11es are o,1/e,ent 8 1,1110 tometn,og 01 arrange rne p ieces 

,n some orOerly way Ask someone to remove a o,ece hom 1h1s gr01-1p 

or to ado one 10 11 wnenyou a1e no1 looking 

Canyo1-1lell w ha1p,Ke hHt>eenT1kenor•ddeo? 

Choose a coto, Take out all the p,eces 01 tn,s COio• ,~en thOagh '""" 

shapes and'"" a,e d1tleran1 B u,ld !l,Oma1n,ng or arran.oe lheH p,aeas 
1n an O1de,ty way Ask someone 10 lake add or mo-,a a piece w nen y,ou 

are no1 looking 

Can you tell w hat has bean changed? 

Snape and COIOf are caU•d al/flbUIH ol tnesa OIOCk~ 

COMMENTARY: A BLOCKS 3 

This card int roduces the students to two activities that recur 1hroughout 

the problem sequence: cl assifying by attributes and identifying a piece 
added to or removed fro m a subset (group) . Students form subsets and 
play take-away games to become fam11lar with the attnbutes colo r , 
shape, and size, as well as with d ifferent ways of classifying the pieces 
in the set. Those working directly from the card should work with a part

n er, alternating turns in the take-away games and making up variations 

of the suggested activities. 

Younger children can be introduced to the att ributes shape and color 
and to orderly arrangements quite natura lly 1n a free-p lay si tuation. Alter 
two or fou r children have been bu1ld1ng freely with a set of A Blocks tor 

a while, you might ask them to share the pieces equally If their method 

of div iding the set 1s random at first . see 1f you can get them to think o f 
more systematic ways of sharing the pieces. Four child ren may do thi s 

by color, each child takmg all the pieces of one co lor , or by shape. Two 
child ren sharing a set can each take two colo rs. or two shapes, o r one 

child can take the large pieces and the other the small ones 

There are several ways of mtroducmg !he take-away game For example. 

ask one child to close his eyes or to turn around wh ile you. or another 

ch ild. remove or add a piece. Another way 1s to shde a piece of card 
board between the c hild and the array of blocks m front ol him and then 
remove or add a piece. Initially you may wan! to 1ake tu, ns playing w ith 

the children , afterwards, they can play this game (or any other 1hey 

think of) with a partner 

Take-away games may be diffic ult at lust lor some c h1ld1en Perhaps the 

easiest way to introduce them is to encourage a c hild who has all the 

pieces of one colo r to place each small piece on 1op of the correspond 
ing large piece. When a single piece 1s removed from such an array 11 ,s 

q uite easy to identify what is m 1ss1ng Two pieces at a time may then be 

removed. Finally l he eigh t pieces can be scrambled and a piece 

removed 

1, 
K .. · ···i\ 'lo., 
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Put all the large d1amonct,r; ,nlo one g roup ana all the small a,amonas 
,nto aN)lhe< Maka a group of !he large trtanglas, and a group ol the 
.,,,.ti 1nangles Do Iha ...,,,... thong tor the c1tcles ana 1na squares 

You now h- .,ght groupt, lour Qroups of large p ,eces ana four o l sm all 
pieces {You can alsO ...,Y 1na1 tor a.eh snapa you h ave a group o l 1arge 

p,a<;N ar>a a group of small p,ac:es ) 

8nng au 1na large poecas 1oge1ne, into one p,1e, and br1ng all 1he sm all 
p,eccs together ,nto anorher p,le Tl'le A Bloclrs set ,s now divided ,nto 

twO groups according l o so1a 

s,1e. Ilka color and shape, ,, an attrioure of t l'lis se t S,za. snape. and 
eo10, are 1he three a11robu!es w e use to describe the A 8/oc lt. s 

COMMENTARY: A BLOCKS 4 

One all nbute o l th is set ,s shape u song atl lhe blocks, make g , oups 
(suosafs) so l hat each sut,set con1a,ns only pieces o l tho same snape 
largo and small You w,11 n aYe a subset o l all the t rlang1es. a subsel o l 
d,amonds, a su t)se l o f 1quares, and a sub1e t o l clrc:les Tnangle diamond 
square. and c,rcle. are called va lues o f the attr ibute shape 

wnat a,etneYaluesof tneat1r1t)ute color? 

What are the values ot t he allrtbule ,,z e? 

You may w ant to meke a 1at,1e like this (do not w ri te on the ca•dl 

Shape 

COMMENTARY: A BLOCKS 5 

Size is an att ribute many students find t roublesom e in working with A To communicate c learly it is necessary for us to m ake the dist inc tion 
B locks; color and shape distinctions are clear and absolute, bu t s ize between attribute and value. One way o f lookin g a t the d ist inc t ion be-
com parisons are relative. There is, in fact , a great d eal of variation tween the terms is to thin k of the m as representing different levels ol 
between pieces w ithin the two size groups. Older (or more analytic) abstraction. The word " co lor" is more abstract than the w o rd " blue" 
students may point out , for exampl e, that two small tri angles are the 
same size as one small diamond and, s imilarly, that two large triangles 
will just cover o ne large diamond. 

Students may be encouraged to c heck the relative weigh ts of the b locks. 
as we did. (In weighing one set , we found the small d iam o nd slig h tly 
heavier than the s mall circ le , but the large circle was heavier than the 
large d iam o nd.) 

With accurate measurements, your s tuden ts may be able to find eight 
different values for the attribute w eight; two or fou r are m o re like ly. 
Investigations of this sort can be very useful , especially in helping older 
studen ts understand that c lassification by three attributes represents an 
arbitrary decision to pay attention to certa in features and not to others. 

because " color" refers to all possible colors , wh ile " blue" refers to a 
limited portion of the spectrum ; so in this case " co lo r " is the attri bute 
and " blue" is one of the values. T he rel a tionship between attribute and 
value Is, however, strictly re lative. For example, suppose one were deal 
ing w ith a large group of objects o f diffe rent shades of b lue. but all of 
them blue. One m ight then refer to blue as an attribule of th e part icu lar 

group, and terms such as "sky blue," " light blue, " and .. navy blue· 
w ould be values. Few s tudents will be familiar with this d istinc tion but 
those at the j unior h igh school level may be able t o grasp the ,m plt ca 
tions of their experience w ith these materials and to extend the idea ot 
attributes and values to other si tuations. By the ti m e your students arc 
working with Creature Cards, they w ill b e inve nting attributes and va lues 
for their o wn ''creatures.· · 

Especia lly with the younge r c h i ldren you s ho uld look for chances to :-e 

the value and attribute names in fo rm ally , playing games and ta lktng...., l h 
the c h ildren : 

Which color wo uld you like? 
Choose a shape .. 

Do you want the circles or the d iamo nds? 

Which size would you prefe r , large o r small? 
Yo ur consistent use of the term s wilt he lp the c h i ldren learn them nat ur 
al ly. Altho ugh they may s tart using these names qu ite rapidly, it would 

still be a good idea to c heck them occasionally and to help th ose w ho 
do not seem to unde rs tand. 

H ere are three blocks 

How are they alike? How are they different from these? 

Can you think of one word that w ill descr ibe th is d ifference? 

The child who Is sti ll in doubt should be shown some pairs that d iffer m 

only one attribute 

f:\ A -~ (Dill•ren •,n co/01) (O,lforenr -n,1'1dpO/ 

• • (01J1e,e111 ,n s1zaJ 

If the ch ild is encouraged to find one w ord tor each of these differences. 

he will soon become quite famili ar w11 h the attributes w e are using 

Our title , Attribute Games and Problems, may prove helpfu l in fam1llar1z 

ing children with the word, whether or not they fully understand i ts 

m eaning. The re ,s n o need for c hild ren 10 memorize or repea t any ol 
the w ords used i n these ac tiv i ties . w hat 1s 1mpor1ant 1s that they feel at 

ease w i th the ideas the w ords imply 

Atrange 1rie se1 o1 bloc:lls ,nto sut,sell fg•oups) so 1na1 •acn s .. ble'I 
eonta,ns only 1t>ose p ,eces 1ria1 haYe tne .,.,.... colo• •"d !he sam. snape 

How rnany sut)s.e!S a re IP\ere? 

H o w many t)IQCks a.,e ,n eactl ,.,o,.a,., 
How dO Iha p,eces -1h,n a subNI d olfer trom e.en oth«? 

Oo ~ou nav• • g,oup o l ye,IIOw d ,amono•" 

Ca n you nama tne other g ,oups? 

COMMIENTARY: A BLOCKS 6 AND 7 

Like the words attribute and value. the terms set and subset are u seful 
in def ining the problem si tuat ions presented. Set. of cou rse. ,s a com
mon word-although i t requ i res . in all ,ts uses. almost two lull c ol umns 
i n Webster's Unabridged Dict ionary ! Most children understand ,ts use 
i n expressions such as a set of dishes o r a se t of b lo cks older children 
may have been e xposed, through one of the new mathematics pro
grams, to expressions s uch as the set of all the chi ldren ,n the class o r 
the set o f all the animals ,n the Umted S tates . 

Younger c h ildren w ill benefit from counting the members ot various 
subsets : 
How many small reds are there? 
Ho w many large triangles? 
Ho w many red squares? 

A re there more large c ircles o r more small reds? 

Quest ions of th is sort require the c htldren to 1dent1 fy members o t sub
se ts as w el l as to count them W hile thi s may be d1tf1cult . 1t 1s w o '1h 

spendmg som e time on because 1t can lead to a g reater awareness of 
the abstract nature of number 

Attributes and values are abstractions We cannot pomt out l 1.'l.rgc 
or ·•a yellow .. w ithout nammg the concrete obJect asscc1atee! v,, ,1h the 

characten sttc . Number ,seven more abstract becai.;se 11 15 'lot property 

o f an objec t , but of a set o f objects In learn ing matrtemat-cs 1Me c;•uoy 

of sets, therelore . should precede the s tudy o f nu n1bers W hen cl..i.~s1f1-
ca tion and counting a r e combmed many ch llCl ren may grasp the ab

stract nature of number more eas ily For ttus reason. the problem s•!ua 
lions presen ted here may be parti c ularly re levant to teaching a.,CI 
learning mathemat ics. 

Two-Attribute Subsets 

Card 6 calls tor subsets o f pieces alike ,n both color al"\.J shai.•e Ce•d 

1s s1 m1lar except t hat ,t explores subsets of pieces al1k":' 1n cotor and 



..,, _..r,,,etMoc1<.t,..,.....oM'US.O ~ rr,e~ ,... IUICIIM.OM1areU-.. 

,..o,a......,.~ ..... m,e,,. , ,.... _,,,, ____ . ,.,ea,c.tl_ .. 

C...yourtw. of a ,,.,... to,- -,,_., 

O-.OC.. a 0d1er-~otrwo,nrc,.,1nanc1 1ryu,.,,1,----• .,_.---... ~- ot l""O artnDUbK you,.._,_ 1,oeo., 

s ize. and in shape and s ize. The problem of grouping blocks by two com
mon attributes may be challenging at first because it involves a sequen
tiaJ process, a continual shifting back and forth between two ideas. Once 
two btocks are matched correctfy, however, the rest of the problem 
should become fairly straightforward. 

tt may help to have children focus on the one difference between pieces 
rather than on the two common properties. That is, it may be easier to 
say (or for them to think), " These are different only in size" than to say 
(or think). "'These are alike in color and shape." Shifting back and forth 
between the use of positfYe information and the use of negative infor

mation is a valuable skill. For this reason the cards encourage students 
to focus on differences u well as likenesses. 

Until young children have become quite familiar with the i ndividual 
attributes of shape, size, and color, they will not easily be able to deal 

with these problems. Here are some questions you might ask to deter
mine whether particular children are able to deal with two attributes in 

combination: 
Can you arrange the block• ao that each subset contains only pieces 

of the asme color? 
Can you group the block8 ao that the p ieces i n each subset are all the 

asmeahape? 
Can you divide the set of blocks by size? 
How many large c ircles are there? 
How many red diamonds can you find? 
How many pieces are yellow? 
How many green blocks are there in this set? 
How many of the p ieces are trisngfes? 

Count the number of small p ieces. 
Count the number of large p ieces. 
If John takes all the red pieces and Ann tak es all the squares. who will 

have more pieces? 
(Yo u might follow this by asking. Who gets the large red square? ) 

A Blocks 8 

Cl'IQOSe a vat1Hlllpart,eut&rcoklr a ,.,..pe. or a su:e) 

~ a subM1of aK the.,...cesrt,a,nn.gt1105value 

ChooM • wlllueot a ~.nrtbuta. -"' ,,,._ •suew1of1~~ 

"'-nc;ilhrS..-... 

T-.e lrom 11-e rwo a..it>Hts a.II the poec;es thlll h.- boVt 1t1e .... 1ue-, You' --How_.,. poecfl -• in you, fi rst .._, toM'C? 

How.._.,,.~ - •• ,n your~ ~ ., 

1-1c,w .._.,,.poec,nSh.aret,ocr,wMues" 

C.n you form a ,.,bsee eontatnonQ • e1 ,tt...-en1 numtw.- ot poec;es Dy 

~ng other nJues" 

COMMENTARY: A BLOCKS 8 

This problem requires a shift in focus. The student is asked to consider 
combinations of values instead of combinations of attri bu tes. 

Those familiar with sets will recogn ize that th is k ind of classi ficat ion 
results in sets comprising the intersection of two values. T he subset of 
red blocks contains eight pieces. The subset of circles a lso conta ins 
e ight pieces. The intersection of the subset of red b locks and the sub· 
set of circJes contains two pieces, the red circles 

The subset of small pieces contains sixteen blocks. The sub set of 
squares contains e ight blocks. The intersection of the subset of small 
pieces and the subset of squares will contain four p ieces. t he small 
squares. 

For younger children a questioning game similar to that suggested at 
the end of the commentary for Cards 6 and 7 may be h e lp ful 

r,. 
fi; 

A Blocks 9 

H0-fP.-Yl)oee4Sare~• ·n =-oesuDW!f" 

Forf"'la~:>se1 e•,.: ::,,e~~ar•ect--i.~ o, ,ec, Tt,,e,.._=-w1 
.., 11 eo,,a,nd i-.. a,~ :-ec- illl"l<:I all u-,. red$ 

HO,oo,......,.poecffa,e~• ..,trws,:u0S41 " 

C.!l-,ou1e1 wt!t>0,,.1US""9 tl'>e ~ i<Sno- ~poe,c.esrhere -o.Mloe 
1na-- lor.....c,ot ~-r.c.n•e 

&ti-.e<lrno"19.les 0t 9'"._,,., 

E~s,n.iiort>lue"' 

Card 8 deaJs w ith intersections. Cards 9 and 10 deal w ith unions. An 
Intersection of the subset of d iam onds and the subset of yellows con• 
tains two b locks, the yellow d iamonds. The union o f the subset of 
d iamonds and the subset of yellows w ill contain all e ight diamonds and 

all e ight yellow p ieces Since two of the pieces are both diamonds and 
yellow. there w ill be fo urteen p ieces 1n the union. 

AJthough this problem and the one on Card 10 are hkely to be chaUeng• 
in g for younger children. those who have had ample time to become 
a cquainted w ith the blocks m ay be able to fo llow such suggestions as , 
" Suppose lh1s b o x can h ave pieces that are e ither red or circle Which 
o nes w ill go 1n 1t ?" II may be necessary to repeat the problem in a slightly 
d ifferent form before the c h i ld u nderstands what 1s intended Red 
p ieces can go m th is box and c,rc/es can go 1n 11 too How about th is 

p iece? Is i t red ? ls 11 a c1tcle?" 

A Blocks 10 

P,.:,: ~V,e-ifi_ :,c: .o:9t,o..o&- __ _._._,. ___ -=--=-- P Jf 

- - -- ...... , - -~. ~ U'"- ,0.. ~-tao.- ,;.!_ .. 

Pl,,111 ~ -- .-..c-w-.- ...... ,_ ~ -i... - .. - ~ ,,. ... 
-....... ... ...-, ...... t.-~·--- ,0,... ~w...- c;...:S--· 

S<,-::,i:,,o,s.e.,. IX> • ~ - - ;:,,eces-.- .,.. -- -

Wl'>.M C.....:,,:,O.,-,M,,Q,,A-=--=-r-..-i•e"11;,#,..;_.,.,., 

·-c.....,oo.1,aJ-.CU-.I>«-•---~ .. 

~--or~-,.• ~JO" ,e.. 

COMMENTARY: A BLOCKS 10 

Apiece which ise,ther red or circle may be red . ma) oe a c-rc,e. or 11 
may be both red and a circle (In everyday usage the words e i ther anc 
.. o, .. are sometimes used to mean one o r the othe r but not ootn as for 
example . .. You may have e i ther a lollipop or an ice c ream cone Here 
.. e i ther red or c1 rc1e· spec.1hcally 1ncluoes the p iece which -s bOth reo 
an d a ci rc le.) 

The ·not•circles .. which are removed from the union ot the c. rc·e ~t 
and the red set are a ll red The " not-reo p ieces removed lrorri •-,e n,or. 

are all circles This idea may be contusing to st uoents unt• the, have 
repeated the game a number of 11m es M any younger ch,,o ~e,. ..,..a, be 

1ntngued w ith th is kmd o1 puz.z re when )'OU presenr ,t to · Me...., w t"c ... t 
feehng the need for analysis 

It 1s not especially 1mponant that students learn the ·e•rr,s o a,c 

intersection It 1s important. however that tt-e)· t"-a\e ari ~c:,i r t u'" •\ '" 
w ork w ith these contrasting s1tuat1ons 

In presenting th ,s problem verbally 1t 1s m1s1ead1ng to ~a\ ~ -1-: 
box either the red p ieces o r the circles. and rr,,s 1s an ea!>• ,... ~• 
make The idea w hich should be corweyeo ,s tt·dt ar-,. c,~~ 
either red o r circle c an go m the box 



Can you answ er 1he lollow ,ng Que!ilions w ,1hout too i..,ng al the p ,eces" 

How many,ea o,eces are thare" 

How many \Hangln a, e there? 

How many small p,eces" 

How many larga ClfClff ., 

How many small yellow p,eces? 

How many llrge blue diamonds" 

How many green square$ '? 

How many non-red circles? 

How many non -square blues '> 

How many non -tar;. troangln" 

How many non•cHCle, non-yellows ? 

COMMENTARY: A BLOCKS 11 

Students who are working directly from the cards may write the answers 
to these questions on a separate piece of paper and then co mpare their 
results with the results found by others who have done the same things. 

The analysis of this problem is fairly straight-forward. Since the thirty
two pieces in the set are divided into two values of size. there must be 
sixteen pieces of each value: that is, sixteen large pieces and sixteen 
small ones. There are four values of color. so there are eight pieces of 
each color. and the same is true of the values of shape. 

Choosing a size results in a subset half the size of the original set(½ 
x 32). Choosing a color or shape results in a subset which is a quarter 
of the original set (1/4 x 32). If you choose pieces which are alike in both 
color and shape. that is. if you combine the value of color and the value 
of shape. you will have a subset of two pieces (¼ x Y, x 32 - 2). If you 
choose pieces which are alike in color and size, or in shape and size. 
there will be four pieces in each subset(¼ x ½ x 32 ""' 4) . 

Younger children, for whom such an analysis may be inappropriate, may 
be able to answer the questions on this card intuitively. Those who have 
trouble can easily count the pieces to determine the answers. 

Group the blocks 1n suDse1s Dy color Ask your partner l o choose a color 
subse1 and make a Du, ld,ng or a des,gn w ith these Dlocks Can you 
make II s,m,lar a"angem,mt w,th a suDset of anolher co lor? 

Start 11g11,n and group the Dlocks Dy s,za Mk your partner 10 l)u,ld 
some\h,ng w,th the large block s. Can you make a s,m,11, arrangement 

us,ng thesmall Dlocks? 

Start agatn and group the Dlocks Dy shape. II your partner bu ,lds some• 
thing with two shapes (lor e,:ample, an the squares and all the 1r,11ng1H I 
can you make a s,m1lar arrangement usi ng the diamonds and the ctrclH ? 

These games involve a ktnd o l map-making in which one value stands 

tor, or represents . another value o t the aame lltribute. 

COMMENTARY: A BLOCKS 12 

This card introduces the idea of representation. of mapping. Studen ts 
soon learn that color mapping and size mapping are relatively simple. 
while mapping shapes may present a more challeng ing situat ion. Here 
are some good games for children in the earlier grades as well as for 
older children. 

Color Mapping 

Suggest that the children make color subsets. As many as four ch ildren 
can play this game with one set of A Blocks, each child using a different 
color. One ch_ild builds something with his subset and the other ch ildren 
try to copy it. This task requires continual shifting of attention from the 
building being copied to the copy and back again . 

Some children may not be able to copy a completed building. You might 
want to vary the game so that the first child puts his blocks in place one 
at a time and the others follow suit, piece by piece. 

Children may, at times, prefer mapping their own buildings rather than 
those of other children. 

If two children play. they can divide the blocks so that o ne child has all 

the blocks of two colors and the second child has an the blocks of i he 
other two colors. If the second child copies a building made by 1he hrst. 
paying attention only to the shape and size and using color randomly 
he will have made a size and shape correspondence without making a 
color map. 

◄ 
• 
■ ◄ ■ 

Random co/or usage w r/h ahape and aize conHpendenc•. 

I 
• ◄■-

Direct Mapp,ng • ◄■-
- ::-~,- ~ u,.,.,.. 

◄LJ-
If he uses h is co lors systematical ly to represent the colors used in the 
build ing he 1s copying, he w ill have made a size and shape correspond-

••• T 
.... 

Colormapp,ng w,111 S/laf:,ftandsua correspotlde-nce. (Siu• ,J ~ t,ygrH1tandr.a rs 

,.,.,.PP«lbryelfow J 

Children may produce a mirror image of the original buildi ng If they are 
encouraged to explore. they may rea lize that there is a difference be

tween m irror mapping and direct mapping . 

Size Mapping 
If one child has the small blocks and another child has the large o nes. 
scale w ill be introduced into the mapping games. When the children 

map by size. they freq uently set up color and shape correspondences 
the f irst child bu, tds something mvolv1 ng large blocks ol vanous colors 
and the second child tries to duplicate 1t w ith small blocks ,n the same 

•• 
•• , , 
•• 

S,ze m•PP•"9 * 11'1 co,,o, • "d sl'l•i>e cor•~e 

Shape Mapping 
All mapping consists o f setting up representational systems a road map 
represents a netwonl of roads and c i t ies . an architect' s p la n represents 
certain features of a house: large .A B locks are used to represent smatl 
ones. or vice-versa : o ne cot o r rep resents anothe r In shape mapptng 
and in size mapping the representation 1s d istorted because the form or 
the outl ine of the map di ffers from t hal of the ongmal • \?♦ • • · ·--s,..,.,....PICW'S'..,•" a..zea"'ICl~cor~• - -... .. ;-a,-,_..:.. ~~ a-:

scn,ve,s.,...,..,.~c,c,a.--,.:l's l 

Children may feel a need to sh ift f rom the ve"t cal to the honz.ont.aJ p.a,e 
m shape mapping For elUlmple. ,ta ho;.sse 1s ou,tt out of SQ\,;~te,s 

placed upright one up0n another a sche'T\2.t,c reorese-c-- :.ar on o• 11 can 

be made w ith Ctrcles or triang~ 11 the rep--esentat,on 1s . .ad out I.at on 



♦• y • •• ·• 
◄• 
-■ • ~-

the table. II is valuable for children to experience many variations in 
representatio n and to begin to get a feeling for how a change in value 
w ill affect the process of representation . 

There is an interesting game that can be played with any one of these 
mappings. One person looks away while his partner exchanges one or 
more pairs of pieces in the construction or its representation. The first 
person then changes either arrangement so that the map is still correct . 

Mapping W ith Attribute Stickers 
Children who have learned how to copy a building by using one set of 
p ieces to represent another set will be ready to use the attribute stickers 
to map what has been done with the A Blocks. The children can build a 
" c ity " with the blocks and then map what they have done by sticking the 
pressure•sensitive s tickers onto a sheet of paper. 

Another way of proceeding would be to start with a map of attribute 
stickers and to have the children build a city to correspond to this. They 
may wish , at first , to place the A Blocks which correspond in color, 
shape, and size on top of the attribute stickers. The next step will be to 
slide the map out from under the blocks so that the "city" and its map 
will be side by side. 

No matter which way the city-mapping ts started, you will now have a 
block city and a st icker city which maps it . To help child ren focus on the 
relationship between the two, it is helpful to suggest that a child " take a 
walk" with his fingers through the block city while another child follows 
each step through the map made by s tickers. When c hildren are able 
to see the connection between the block city and the sticker c i ty, you 
c an challenge them to ro tate the map and continue the walk from poi nt 
to point. 

It may be fairly easy for children to shift attention back and forth between 
the block city and the sticker city when the two are oriented in the same 
way, but many will be confused, at first , when the m ap is rotated 90° or 
180°. Many of us have trouble with the problem of direction in mapping. 
If yo u pose a series of problems i n rap id s uccession, pointing to different 

positions in the city or on the map, many children will learn to find thei r 
way around quite easily, even though the map and the city are not 
oriented In the same direction. 

Three sizes and six colors of shapes are supplied in the attribute sti ck
ers. Two of the sizes correspond directly with the A Blocks. The third 
size is a step smaller than the small pieces of the A Blocks set . Size 
mapping can be set up with the stickers by using the s mallest st ickers 
to stand for the small A Blocks p ieces and the medium stickers to stand 
for the large A Blocks pieces. 

If the A Blocks pieces are placed on edge, it will be necessary to cul the 
sticker material to obtain pieces which correspond to the base area o f 
the blocks. 

Puzzle Cards Made W ith Attribute Stickers 
There are many possibi lities for making puzzle cards using the attribute 
stickers by themselves. You may wi sh to make up some of th ese fo r your 
own students, or your ch ildren may enjoy making up problem s for each 
other. 

If you plan to use all three sizes of the attribute st ickers, you w i ll prob· 
ably w ish to mount them on tagboard or some form of card stock. Sheets 
that are 8 1/z" x 11 " would be a good size for th is. These could be used by 
individuals o r sm all groups of children or they could be displayed o n a 
bulletin board. If you wi sh to have a smaller set , 5" x 8" filing cards could 
be used. In either case, the missing pieces could be changed fro m t im e 
to time, si nce the pressure.sensitive mate rial c an be re used several 
times. It is also possible to stick the missing p iece to the back of the 
card so that the puzzles are self-chec k ing . 

The range of difficulty is so great and the kinds of problems so vaned 
that we are supplying suggestions and m aterial s for you to make your 
own cards in collaboration with your students. There are many cards 
which will be appropriate for most five•year•olds. Others will be chal · 
lenging for many grown•ups. 

Many teachers who have played the games and worked the problems 
suggested in the problem cards have reported that there are so many 
possibi lities with the A Blocks that they have a hard time remembering 

th ings which they would like to introduce to the ch ildren . The puzzle 
ca rd s can serve as usefu l reminders ol problems that are appropriate. 
as a record of the kinds o f things which have been done, and as a means 
of assessing what child ren have learned and d iagnosing the difficult ies 
they may be having. We are including examples of possible puzz le cards 
In t he places where they are related to problems d iscussed in the text. 
There is no necessary order for these. Yo u w ill soon get some sense of 
the order of difficulty when you make up cards of your own for your 

s tudents. 

In many cases the line between a problem that 1s easy and o ne that is 
too difficult to solve is a very narrow one. Students may f ind that puzzles 
too difficult to solve in card form are readily so lved when the same 
p roblem is presented with blocks which can be moved about. Students 
w ho solve problems easi ly l rom these indica te clearly that they know 
w hat they are doing. Those who have trouble sho w that they need to 
h ave the problem presented in another way. perhaps with the A Blocks 
instead of the s tickers. They may need 10 t ry related p rob lems instead, 
or go back to an earl ier level so that they can gain ski ll through practice 
and develop conf idence in what they are ab le to do . 

Map ping With Puzzle Cards 
Color-mapping, shape-mapping . or size-mapping problems all prov ide 
interesting poss ibilities for puzzle cards. Any of the illustrat ions on 
page 2 1 wo uld serve as a good basis for a puzzle card. All that 
needs to be done 1s to copy these arrangements w ith the colored 
stickers and to leave out one or more pieces from either part of the pat • 
tern. There are a whole range of puzzle c ards which would be appro
priate for five•year•olds who have played mapping games with the A 

Blocks. The sam e type of problem becomes more c hallenging if two 
kinds of mapping are done simultaneously o r if m irror mapping o r 

rotations are included. 

., . 
e n► 

? 

Color • nd s ize m,ipping, sh•P• corr• spondet1c• 

• • 
• ? 
Sh•P• end color m 11pPin9, s,z• coff•aponoenc• 

... .. 
-■ ► ... 

c~ 
Oftent imes children will spo ntaneously make mirror m a p s 

Mirror mapping blue is mapped by ye llow and red by green but one 
figu re is the mirro r image of the o ther 

◄ ■ , • 
• Color mapping- morror 

■ ► ?. 
■ 

This ,s a case of size map p ing whic h has been done directly except th at 
o ne figure has been rotated 

Mirror mapping and rotat io ns p rovide interesting variations and 
challenges. 

? 
■ 

• ?? 
s ,ze mspoing w,rl'I rora11on 

•• •• • 
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~ClltPOll"'-ar'ldnesi,af.-S. 

c..n you~ me oam- ..u-,, li0<King •me~? 

COMMENTARY, A ■LOCKS 18 

The game introduced on this problem card can be particularty helpful 
in the development and use of efficient classification schemes. It is 
similar to one the children may already know, ' "Twenty Questions,·· 
except that w ith this subset of blocks it is possible to find out the name 
of the p iece someone is thinking of by asking just three questions. Older 
students should have no trouble understanding the problem and should 
be able to p lay the game directly from the card. 

The fi rst thing in helping younger children play this ""three questions .. 
game is to provide step-by-step information that will lead to the selec
t ion of a particular p iece from a given array. Assume that you are using 
a subset composed of two sizes: large and small; two colors : red and 
b lue; and two shapes: triangle and square. 

Until children are familiar with the game. it is probably best for you to 
provide the information all in one form- either all negative statements 
or all positive statements. If you make all the statements positive. the 
game is relatively simp le, and for some children this may be the best 
way to start : 
I am thinking of a piece: i t is small; it is blue; and it is a triangle. Which 
one is it? 
Once the children can identify pieces from positive information you can 
proceed to all-negative statements: 
I am thinking of a p iece: i t is not red; it is not a square; it is not small. 
Which one is it? 
Children may have trouble with negative statements at first because 
each statement carries w ith i t an implication: i f the p iece i n a subset 
such as the one above is not red, it must be blue; if it is not square, it 
must be a triangle. If c hildren have difficulty w ith such implications, 
there are two procedures which m ight be followed: you could work with 
a more restricted subset of only four p ieces or you could use the e ight
piece set but help the c hildren see the effect of each statement by actu
ally removing. or having them remove, the pieces which the statement 

eliminates. 

Here is the eight-piece subset : 

•• •• .A• 
~ . 

It is not red. Since the piece you are th inking of is not red , all the red 
blocks are removed and only these remain : 

•• •• It is not square. Since your piece is not square. it must be one of the two 
triangles . ... 

II is not small , so i t must be the large blue triangle . 

• Removing pieces may help some child ren , but they should be encour
aged to try the problems in their heads first- w ithout moving or 
touching any of the blocks; otherwise their learning can become a 
blind, mechanical process. 

Once the children are familiar with this procedure, beg in to alternate 
posit ive and negative information in your statements. Using the same 
examp le, the form would be something like this : 
I am thinking of a p iece that Is blue; it is not square: it is nor smafl 
Wh ich one is It? 

Keep changing the pieces in your eight-piece subset and play the game 
until the children can answer quickly and confidently. Like all the games 
on these cards, th is one should be played by children with each other 
as well as with you. You may want to turn the game around and have 
the children present statements to you, or you might ask quest ions of 
them. 

A further challenge for children who have learned to play the game w,th 
the pieces in front of them is to have them play it with thei r eyes closed. 
or simply with information about the subset but witho ut the actual 
blocks. 

The next stage is for children to ask questions about a subset i n o rder 
to determ ine which p iece you, or a child , have in m ind. Still consider1ng 
the subset shown above, the questions and answers m ight go like th is 
ls i t red? 
No. 
Is i t a triangle? 
Yes. 

ls i tsmsl/? 
No. 

Then It must be the large blue triangle. 

Eventually children w ill become so adept at deal ing with the eight-p iece 
subset that you may want to move on to consider the entire thirty-two 
piece set. You may again w ish to start by making statements about the 

p iece in question , rather lhan by having children ask questions. 

Playing these games with the entire set presents great challenge unless 
the set is o rgan ized in some way. We suggest that before making state
ments, o r having child ren ask questions. about the entire set, the blocks 
be set out in some sort of matrix , as suggested in the next card . 

There is an advantage, when ch ildren are familia r w ith the " Twenty 
Question·· format. 1n starting off wi thout havmg a specific p iece in mind. 
You can allow the values of each attribute to be determined by the 
ch ild 's questions by saing " No" to each of his first three q uestions about 
an attribute. With some children the questiomng might even proceed as 

follows 

Is it ei ther a tr iangle o r a d iamond? 

No 
ls it small? 

No . 
Then i t must be a large yellow c irc le. 

Since there are now four values of each attrtbute. your statements can 
present information 1n a number of w ays. and the concept o f ,mphcation 
can be broadened If you say, for example. 'Tm thinking of a piece that 
is not red. nol green, no t yellow: · then i t must be blue. But if you say, 
"I'm th1nkmg of a piece that is not red .·· further quest1omng 1s necessary 
to identi fy the part icular value you have in mind. 

A Blocks 19 

$<!'1 owt t~ to,190 .. ~ ~It...., o• pna4 b>OC. • ~ 

C... yo,., ccOff"o-(• tl'US 11n a"9e...-1 U$o"'9 ,,..,. •est ~ t,.,.. ,._..,....,, o,..x ~ "t 

.r.s.a.-- 10,-o,w ot -~..s .. ner.,o,.,- ~loco,ng 

C...you tea"""-"- •$ _M-W>g., 

.-.!l tt'C~ #l a _ri.:av. ___ ccolOr _...,.._ -Oi,occ.o:s ~;i,,;o,...,-,,, 

----~ Sucft-~ -.s c.--.e a.,...,,_ • L
t1WIT\Aln:..yo,.,1U-...- Oftthe~........,.,o,.,.,..rea<:>t •.;, 9c;1C"" 

You -■ use ,l ~torCan:120 
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These problems present matnces as a metho<t of classmca11on Some 
children seem to grasp the organ1z1ng power and the elegance ot the 
matrix almost immediately. and are quickly able to solve fa1rty comph• 
cated take-away problems. Many five-year-olds-and many adults
have become fascinated by the way 1n w hich the matrix. w ,th its dual 
organizing pnnciple. makes quite simple what m ight seem at hl"St 
glance an exceptionally d1ff1cu lt task 

Some children may need help in analyz ing the matnx before tney are 
able to make use of the p nnc1ples 1nYOlved. You m,ght say. to, example 
Can you pom t to a ll the square pieces? 
Where are all the reds ? 
Where are the large p ieces? 
Some children may find 1t d ifficu lt at first to name a p iece w h ich ,s 
removed (or covered by a card o, a c up) In oroer to state w h at 1s m1ss1ng 
they must coordinate two separate ideas - the idea of snape and the ,oea 
of co lor. each associated w ith one d1rectton in the matrt ,. They may 
fi nd it difficult to shift attention from the rows to the columns and bac"
again. These children may be helped 11 the matn,. 1s p laced on a sheet o• 
cardboard or on a turntable and rotated slowly so they see me rows and 
the columns alternately Surprisingly some children actual ly seem to 
find complicated problem s. involving the remo val of several p ,eces 
from a double matrix, easier 1f the matnx 1s being rotateo ,n th•s way 

A four-by-four g rid made with 1 , ~ .,. tape on a tab e or a ruled o •ece 
of c ardbo ard w ill encourage young children to try m atn,. t u1to1ng 

-



w,moul cnang,n,;i 1ne oos,1,ons ot 1n.e pieces w 11hm e 1the1 ma!n ot. p111~ 

1ne ermre sma»-t,10O, maou,. on top o t the lilr{;e-Dlocl<. mal""-- That ,s. 
11>e upper•le'tt-f'liln(I-COmer small i:i,eoe w ,n go on top ol the upper- lett

Nnci-corner large poece_ and so tortn 

One main• staco<ec on anouwr ,n ttus way ,s called :a double matru· 

A.sl< someone to remove one suck ol two b lOCks l ro m lhe double matm, 

Can you tell wn.cn pieces a re m,ssing" 

Tai<e tun-a remo,,,ng slacks and nam, ng Ille m,ss,ng pieces un1,1 you ilnd 

your pa~ CM! name the fflt$$10Q poeces #hen at least 1nree stacks are 

r~atonce 

The sing le and double matrix can be used at many different levels. Quite 

a range of d ifficulty can be built into matri x puzzle cards. 

A . ~ 

• • • Three-by-three matrix 

rJ ~ 
~ £. ? ~ 
a 5JIITIIT oo• • 
Double matrix. 

30 

Matrix building can also be stimulated by puzzle cards . 

• ? ? • ? - ? ? 

? ? - ? 

? I ? ? ~ 

~ 
? ? ? 

~ ~ ? A 

- ? ? ? 

• • I ? I ? 
lncom,:,/ete ma/rill puzzle carda. 

A Blocks 21 

d ,Tlerence betwe,e,n the two p'4!Ces of each pa,r s color loolt,ng at all !he 

o•ns color ,s tile common d ,tlerence 

How many pairs do you haw." 

How many w ay5 a,e ll>e<e o l pa,11ng !he poecH so th•t t~e ,s one 

common chllerence, 

Her,,; many ways are there of pinnng the pieces so lhat !!'lel'e are two 

common dotterl!'l'>Ces., 

How many w~ are Ir.ere ol pairing lhe ~ so INT me,e are ttuee 

common d ,tterences? 

Can you !,no out me 101~ numDer o l poss.,ble pa•~ lo, " " S eogh!-p,ece 

Did you m<:tuoe dupl,cale ~ors? 

See ,1 you <:an hgure ou1 some method o f keep,ng trKI< ot tri.t ~, .. ngs 

you have made 

COMMENTARY: A BLOCKS 21 

Some students may be able to analyze the problem and answer all the 

questions on Card 21 without using the blocks. Here is the kind of analy

sis that is involved : 
There are three ways of pairing the pieces so that in each pair there is 

the same difference - that is, so that there is one common difference. 
There are also three ways of pairing the pieces so that there are two 

common differences. 
There is only one way of pairing the pieces so that there will be three 

common differences. 
The problem becomes more manageable when some sort of recording 

system is used. Here is one form of tabulation . 

Number ol o ,Ue1en<:es 

oa, _J T•o Tfllff 

Color ~ ~ r 
I 

\ St11pe 

I 
~ ~ ' ~ 

I 

I Size ~ 
I 

I I 
I ~ 

Each of these seven different ways of pa iring produces to ur pairs so 

there are twenly-eight possible pairs . 

A different way of analyzing this problem is to roason that every block 
in the set can be paired with each of the seven others . There wlll be 

fifty- six pairs , hall of which will bo duplicates. 

Younger c hildren may enjoy th is problem but they will probably ap
proach it less ana lytically. You m ay wish to make use ol the attribute 

stickers to keep track of the pairs as they are formed. One procedure 
which we have found useful is 10 present a chlld withe set ol eight 

stickers and a card on which to place one pai ring Befor e he sticks fur
ther pairs. he can be asked to check the cards carefu lly t o see that there 

are no duplications. It may take several days before all seven different 

ways of pairing are d iscovered. 

When the seven cards have been completed . children can be encour
aged to name the basis for the pairings on each of them Questions such 
as ··How are the pairs on th is card different?"' or "Where 1s the co lor 

difference card?" " may help them become more aware of !he basi s for 

the pairs they have made. 

There are a number of games whi c h can be played with these cards It ls 
in teresting , for example, 10 make a rap id search for a pair wh ich 1s 

named : 
Where is rhe pair of small yellows? 
Where are the red triangles ? 
Where are the large circles? 
Where is a pair which has only yello w in common ? 

Some Examples of Pai ring by Common Dltterences 

This illustration of pamng by common d ifferences provides n good bas,s 
!or making puzzle cards w i th the attnbute stickers Any onf:' o t those 

cards could be made mto a puzzle card by romovm g o ne o l tho shnpes 

Of course, it w o uld become quite m onotonous to uso 1ust I hose shapes 

and these colors every time 

On• Common Dllferenc• .. ~ 
·• •• Common O//f1,1nc1 - s,,e .. 
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•• •• 
£. .. .. .. 
Common D,ff-,w;e - Color ..... ... .. 

CommOII D,11.,.nce - Sh•pe 

Children who are able to identify a missing p iece from a subset contain
ing two shapes, two sizes. and two colors may have trou ble when the 
same problem is presented in puule card form. If this is so they can 
often figure out what is missing if they get the A Blocks corresponding 
to those which are on the card. 

It may frequently happen that ch ildren find one-ditference pairings 
easier than two- or three-d ifference problems. A set which would be 
useful fo r five-year-old s. therefore, m ight consist of six or eight o ne
difference cards, followed by an equal number of two-and three-differ
ence cards. The single dirterence cards can often be f igured o ut at a 
g lance w ithout analysis o f the dirterence. Although pairing the p ieces 
encourages analysis, c hildren may well figure out which pieces are 
m issing by checking the contents of the ent ire set, rather than by 
rook,ng at likenesses and differences in the pairs. 

Two Conunon Olffer•l'C•• ... £.• • .. •• Common D111.,.nce-Sh•pe 4 s1,. -~ ... . .. ... 
Common om.,.nce - COior 4 Shape •· .. .. 
•· ~ .. Common Dllf.,•nc•-COlor& S11• 

lllr•• Common OINetenc•• . . ... 
•• A • 
Common Dlfle,•nce- Color, Stt, pe & Slz• 

Children who are having trouble with the cards can be helped by your 
posing a number of problems for them in rapid succession w ith l he 
A Blocks. 

Whnr c • n ro u tell ,m oul lh1\ p ,.,ce juJt 1,~ lffl+ng ,p 

C11n 'f'OU 1t1!I 11ny mmo •tJ<Ju• ,1 by tno• ,ng ,01 11,e ••"'•"""U pu,r .. ,n 

"'" '"'' 

COMM£NTARY: A BLOCKS 22 

This game may bo especlally appeahng to younger children, !hough ,1 
need not be restricted to them. Although only shape and size can be 
sensed by !ouch. the child may determtne the color of the piece hidden 
In the cloth by a process ol el lmmation when he has !he rest o f the set in 
f ront of him. Children may be surprised by their ability to solve this 

problem. 

end ......... ,. 11,em "''" ... ., •Pl·'"" '"•'•'r •Q"•' U"""'"" ,.,... "'' ""'' •· ,I 
nn♦ , .,, ~ou• l>•••n•• U • ,,npn,1&n • 11•• 1 'i<Ht ''" ,,.,, •- ••• 11 <HI••• 
U'"""" Ml ••• lo M c,• 111!• ,, .. , I''•' •• t,, ,,,,.," ... ,,11.,.,1 10<>• •n1,1 "' , ... 
1/lor• ~ P u t or>a u•ovµ ,m o 11,e m11 o r lhG A 11 ,,,. •1 l>O• ,,,., 011 • • '"'" 

s ,.,, me 1,1.,,,.. hr n • m,nu • ,.,., • ,n ,ou• 1•••1ne, •, •)lie< l•un "" 

,noulo be •l>I• to 1•H ,...,.,"•nu "''"'~" 1.>o i.x,• ,no ,n10 """', "'" 
no , Vo.,,""''"•' the'1 ••••• th• 11-• -.,o., Ila,• "•11'1♦(1 i,vt OI ,,., ,,.,. 
,,.1◄1 1•ul• ,1 on ,n., ••111,. ..,.,,.,. 1><.>lh o l r ou • •" ••• ,1 

No w 11 ,, '"" '"'" 10 C• I! '"' e O••· · , ,o,n y<IUI ... , . , , ... 100• ,,,1,1 ., , ., • • , ... .. 

QIOUl l •"<I • I u,. 1>••(.· on m. ,~m• vo .. (;On!lnu e I O, ..... , .. ,,,. I ... n 

100• .• ,n10 n ,, "*" b o • • n<I • I u .. Poe<.•• un HI• 1•1>1• • " " ,..,..,,., , , . ._ • 

, ..... "' '"· "'""' ""'''°" . 00• 

COMMl:NTARY: A BLOCKS 23 

This game 1s similar to tho o ther nammg games suggested This tune. 
however, each player makes a hypothesis about tho p ieces 1n 111s part
ner·s box by looklng al the p ieces in h is own bO)( and at those already 
on the table. The stram of mok tng up hypothosos. 1esting them, porhops 
re1ecling them. and start ing again. may make somo children uncom
fortable until they aro able lo work out ollrc•ont ways ol aoangmg and 
scanning tholr blocks 

The game m ay be simplified 11 ii is turned 1nlo a to:1m ondenvor Two 01 
three children worktng wil h ooch box. laking turns making hypo1ho~es 
Anolher way to make !he game easier ,s 10 put 1ho p1oces wh1ct1 a,o 
taken from !he boxes oul on the tablo in the form o l two mntr1ces s,de 
by side. ono for !he largo p\ocos. one tor 1he smttll p i(•cos l h1s mnl..t.•~ •t 
easier to dolermme m issing p ieces ond ro1al os ttus game 10 Ille malrn1. 
games suggested o n Cards 19 ond 20 
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?O<.,::UC: a.r.7'.z .i::-.1,Q ...... -.t:,,-• ::·~ f-..c<S ;U e--e;:,,eces 
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~Air\': A ■LOCKS U 

The ga,ne requires cntldren t> dl:5CO¥e< a rule t,y testing specrfic Jn
Slan::e:5 to see W'helnet" they con1o,-m io rt. tt prCMdes an opport.unrty 

to, O'll!ffl IO apply tt'le U1d of reaoning they h.M? oeen doing about etass 

~ and to extend thew~ to p,oblems wtuch .we 
mo,re and "'°" comples. The game can be played al many tewets of 
~ - A simpAe- rule IO 5lar1 With migtn be that all lhe btg p.eces COUkl 

go.., 1he t>ox. Ari aowanceci nde m.gt'rt be thal the oox could conta,.n all 

the noc-green. ~..g,ctes-tnat: is. - the p.ec:es wti.ch ar-e not green 
#Id all 1h11 pieces whlc:h are not c.des. This game is ~ttable '°' a Wide 
range of Sluderr!s because ot the man, possttMlrt.ies fCK maiung rules 

In mak#lg up ruieS students may Shift between those whv.:n 1rNOhe 1nte<
~(kw"exampl,e. small g,H'r! p,ec:,e:s, ancthose wtucn U"t¥Oh,e 

t.1NOnSffcwexampC,e, acttte small pieces and2'J the u,ang/es) Although 
ne«Cherof thme1efms has 0'!efl f.fllroduc.ed on the GaJ"OS. stu<Jents w'ho 
tia...e •~f1c.ed ttwougta the probteffls on Cards 8 , 9. and 10 nave oeen 
deaWtgwdh 11n10n5 and~. and these WhO hz,e studted sets 

m ~, maD'leffiabc:s ctaues may be 1r,n1e cf the QstJnctJon tt rs no1 
~ 10 ~ the :enmnolo9y. hOwevef". W'I o,oe,, to ptay the~ ......,_,.,. 
Trepnerequtre5con5»de1a!Jl&ef1exl!:MJ,ty ,nfor-ffllngancr£')eetlog 
rr/poc:heles aboot the rule t1 one tS. tty1og to dioose as few test pi-eces as 
~-rt,;,- ,s. 1' one t~ tty.ng fo, a.-, elegant SOb.Jbon 

The requ1re-me1'ili o~ this oa.me mz1 encoura.Qe stuoents to too~ for 
methods of tesi,n,g more than one ptee.e al a bme For example, ,1 the 
f . .rJ.! f NJ pieces wt.ch dO vO fmo the box are al erthe< red 0< yellow. a 

rea:sona.i:Jtehypod,,es,ts~ht bethalnooeofthegreensorbluesyo 1n, 
a.no tne auoent mf»"1 oroup ~ all the greens and the btues am: 
~ , •~arr1oftnepteCeS1nL~<;rou;:,go 1n10theboJ(. Oeperw:hr..g 

on the answe< furtnet 9101.1pui9s ccxild be tested. or Uldw.OuaJ p.eces 
could oe tried The game permrts lhe uw of a w1de vanet'/ of ~trateg~ 

.. 

In Hus case. a subset of reo and b lue circles. 1r1angle$ saua·es a-: 

daamoncts has been used. the large PteeeS being separa:ec f•o- ·- ,: 
small . 

• ? ,, . Y'. 
·• /■ ? 

• • 4 • 
• • 

In this proolem one line separates the squares from tne not-squares. 

and the other separates the large from tne small 01eces n us 1s a vana
tion o f a two-lOop problem. • • ' ~ 

,_ ~il ~ : 
• ? • • ? 
' 4 ? 

? ? • ? 
. • JIii' 

From a set of ~Low and blue squares. Ctrcies. ano tna.ngleS, a s1.;ose1 
1s torrned of pieces • h1ch are e1thet" cirdes or ~.o• 

• ? • ? • 

•• ? 
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COMMENTARY: l BLOCKS 24 

This game requires children to discover a rule by testing spec1f1c in• 
stances to see whether they conform to 1t It prov1d&S an opportunity 
for them to apply the kind of reasoning they have been doing about class 

relat1onsh1ps and 10 extend their explorations to problems which are 
more and more complex. The game can be played at many 18"els of 
d1lf1culty A simple rule to start with might be that all the big pieces could 
go m 1he box. An advanced rule might be that the box could contain all 
the not-green, not-circles-that 1s, all the pieces which are not green 
and all the pieces which are not circles. This game 1s suitable for a wide 
range ol students because of the many possibilities for making rules 

In making up rules students may shift between those which involve inter

secttons (for example, small green p,ece.s) and those which invotve 
unions {for example, all the small pieces and all the 111angles). Although 
neither of these terms has been introduced on the cards, students who 
have worked through the problems on Cards 8, 9, and 10 have been 
deahng with unions and m1ersectIons. and those who have studied sets 
m their mathematics classes may be aware of the dist1nct1on It is not 
necessary to know the terminology, however, In order to play the games 

sat1stactorily 

The game requires considerable flex1b1hty In forming and re1ectmg 
hypotheses about the rule if one Is trying to choose as few test pieces as 
possible- that Is, It one 1s trymg for an elegant solution. 

The requirements ol thIs game may encourage students to look lor 
methods of tesung more than one piece at a time. For example. 11 the 
first tew pieces which do go mtothe bolC are all either red or yellow. a 
reasonable hypothesis might be that none of the greens or blues go in, 
and the student might group together all the greens and the blues and 
ask whether any of the pieces m the group go mto the box. Oependmg 

on the answer. further groupings could be tested, or individual pieces 
could be lried The game permits the use of a wide variety of strategies 

.. 

In this case, a subsel of red and blue circles. tflangtes. square 
diamonds has been used. the large pieces being separai ' '"' 
small. ea horn l'le 

e ? l e) • 
• • • ? 

• • ◄ • • • 

I 
In this problem one hna separates the squares from the not-squares, 

and the other separates the large from the small pieces This Is a varia
tion of a two-loop problem. 

-
From a set of yellow and blue square,, ctrcles, and triangles, a subset 
1s formed of pieces which are either circles or yellow 

? 
? • 

• • ? • 

? I I ? JJ,.. / 4 

? 

• 4? 

? 

? 

~ -? ~ 
? 

• - ? . 

•• 
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COMMENTARY: A ■LOCKS 2S 

It Is not hard for most people to form subsets of blocks which share a 
single v .. ue of an attribute. " All the reds·· or " all the squares .. can be 
singled out quite readily by eye, and one can have a simul taneous 
awareness of the whole problem. The task of making subsets of pieces 
which differ from a key piece in one, two. or thrH values is. however, 
more challenging. ii requires the abihty to shift back and forth between 
simultaneous and sequential thinking. 

The subsets having a single di fference can be broken into three further 
subsets: those which differ ,n shape. those which differ in color, and 
those which differ in size. The two-difference subsets will contain the 
pieces which d11fer m color and shape. color and size. and shape and 
size, while the subset of pieces which differs m three attributes cannot 
be broken Into further subsets. 

The tabutaUon on page 36, based upon the key piece large blue c,rcfe, 
may make the analysis of the problem clearer 

Place • ~ • on 11'19 table r ll"IO • ritoc• tri.t o u,,, 1,0,r, ,1 ,n only~ 

-·~ ' "'°,,,, II n♦-• 1 lo lht 1,u.1 t,IO(k ,,o .. ''"'° -~~ IF , 1 011,,, 
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P ·K M C,,11♦• IIOffl U ChOl,.,.l lnOfl,I ; ~ • 'Y' 

t,v 10 - •-• )OU' 11,~ onto a c,,ci. r,-, 'f'QI.I"•• f,f'd,,.QI , no po,K.s ,,.,. 

O,HH 11'1 Of'lly i;;oe "'"i 
C u ~ YCM.I 1-, Ol.>I • ••-..r• ♦.ght ,n ..t'NCh ,111 ~11C.-,it p,ec.1 0 ' !ff .n otl♦ 
•u, orty' 
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C4t1 1'Q1,1 m 1lo.1 (oft ... and lt(lu,• ♦tgh11 w ,lh 1-0 d t,11,eneet b♦l-n 

• 011etnl Plaeft' fllfN d,tt♦~ff, 

COMMENTARY: A ■LOCKS 26 

These problems extend the experience gained in classifying by one•. 
two•, and three-attribute differences to a series ot increasingly com
plex tasks. Indeed. the last lask suggested, making a figure eight out 
of pieces with three differences between them Is 1mpossIble 11 you use 
the lull set ot A Blocks The 1mposs1b1hry of complettng the three
difference hgure eight may be discovered through Ir.al and error by 
many children, only some of whom will wor'( out. analytically. the rea
son for the impossibility. 

" 
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COMMENTARV: A BLOCKS 2• 

Ttus game requires children to discover a rule by 1estmg specific in· 

stances to see whelher !hey conform to 1t. It provides an opportunity 

for them to apply the kmd of reasoning they have been doing about class 

relat1onsh1ps and to extend their explorat1ons to problems which are 

more and more complex The game can be played al many levels of 

d1tf1culty A simple rule to start with might be that all the big pieces could 
go in the bOx An advanced rule might be that the box could contain all 

the no1-green. not-ci rcles-that ,s. all the p ieces which are not green 
and all me pieces which are not circles n us game 1s suitable for a w ide 

range of siudents beeause of the many poss1b1ht1es for making rules 

In making up rules students may sh ift between those which involve inter

sect ions (for example. small gr&en pieces) and those which involve 

unions (for example. all the small pieces and all the mangles). Although 
ne11her of these terms has been 1n1Joduced on the cards, students who 

have worked through the problems on Cards 8. 9. and 10 have been 

deahng w1lh unions and intersections. and those who have studied sets 

,n then mathematics classes may be aware of the <hstinct1on It 1s not 

necessary 10 know the terminology. hOwever, m order to play the games 

sat1sfactor1l y 

The game requires considerable flex1b1hty m forming and re1ectmg 

hypotheses about lhe ru le ,f one 1s lrymg to choose as few test p1eces as 
possible- that ,s, 1f one 1s trying for an eleoant solullon 

The requuements of th is game may encourage students to look fo r 
melhods of les!lng more lhan one piece at a time For example, 1f the 

fust few pieces which do go mto the box are all either red or yellow. a 

reasonable hypothesis might be !hat none of the greens or blues go m, 

and the sludent m1ghl group together all the greens and the blues and 

ask whether any of the pieces ,n the group go ,n10 the box Depending 

on the answer further groupings could be lested, or md1v1dual pieces 

could be tried The game perm11s the use ol a wide variety of strategies 

.. 

In this case. a subset of red and blue c ircles. tnangles. squares 

diamonds has been U$8d, the large p ieces being separaieo from ~~o 
small. e 

• ?- ., . 
• • • ? 

• • ◄ • 
• • 

In this problem one hne separates the squares from the not-squares, 

and the other separates the large from the small pieces. Ttus 1s a vana
Uon of a two- loop problem. 

- ~ 
? 

? • 
? 

? 
? 

? 

• 4 ? ?~ : 
• - ? 

From a set of yellow and blue squares. circles. and triangles. a subset 
1s formed o f p ieces which are e ither c ircles o r yellow 

• • ? • 

? A / ◄ 

¼- ? 

H 



A Blocks 27 

• ,,,.-.o,1 
b 'u• ,,....,.g• .. 
not Dl"•"''°"'ol'•' 
"°' 1111"9i.bl ... , 

no l blue n01-man111.,, 

'-<>'• 11\11 1rw, ,.. ,.... ot •¥" 0 1 , ,_,. u,b«l1 ,,,re,, 10 -,,ue, °' t olOf and 
\h•ll'f W Mn !he 11.t~ o l the" w.tiu.1 111 P,~ b t l'IOI lhe 1,1,!b .. l 

, .... ,~ • II 1n1 ·••utt a • r•fJI ll'W! o,\e 111....cl Tl'Hlt "'" llW ,,,.rt91fJ 
•• I subw-t ... ,.,,,. COl'IUUOI a ll th• 1r,1no;ilff "'"'(" ., • ..OI blue N o l -tJIUI 

_, ,, ans,11, ,, .a . .. ~ t ,..rw;,, (Oftl .. M • " IM b-- ·n.ch ., • ....,,,,.. 

l)koel'IO< t•~r>Olfl 

CP>OO" f,/'001,,.. .. 1 ... o l COIOf and al'IOIIM'f •• , .... ot ..... pl '-'•"· lo<,11 

subllb .,,.,,, .. to U•o•e ,,, tf'd ~ N•Me ,,..m -oa,n ..... "'9 )USI ,,.. 

... -, ol UM UIUO .,nd .. - n41CMW,f'll 1M wore "'°' 

M1\e1...tl~""' ' "oit-., ,11ues1..c:fl • '~i,o.-andCtfC# •~!f t,-0 

...:11 ,,,.,_, ano 1,0 10 <11• PrKt>el .,..,,..!'IQ 1ne ,.,.,,,_~ 

COMMENTARY: A • LOCKS 2 7 

Here the problem ,s 10 form subsets named by combinations o f values 
and negations At first. it may be easier for younger children to select 
groups as you name them. rather than to name groups alter they have 
been selected You m,ght start. therefore. by having the child ren make 
subsets as you name them. repeating the name after the subset has 

been formed 

RHC,11:lu Cm;IHIIYI 
AH po«;eJ/11.1/ 

.,. ,-0,,-4 areno1c,l'(;/et 
( N Ol·ClrC1- tadtJ 

fNOl·redC.r(letJ 

Begin by asking for the subset of b lue lriang les Then ask lh 
10 make t he subset of no t-b lu~ triangles. If this new term is :.,;:•ldien 
stood , sJmply ask for all the triang les that are not blue Continu nae,. 
ing subsets by values and negations o f values. e na111. 

When children can form subsets easily. present them with alreao 

formed g roups, such as t he fou r shown below. and ask them for ~flt 

names. 

P,Kes a,., •'• 
nedne, ,ed "°' ,.,,,. 
/Nol•red, no1-
c,rcle•J 

-· ---■ ... I I L 
••• ••• • • • 

■■■ ••• ... .... 
A A A 

for ,,.,.9.,... 
Pt.II an , 1 .... 0 t,oor,t on l he t able Pvt all tne , _,., p,«H ,,.,>de one iooo 
and all I,.. .,qua,e poec.t r~ Ille othe• l".....O ,,.. 110.1 t arcb to,,,_ 
,uoult All !he~" 1n 1ne looc> mutl r,,ve !he .. ,i..e .nown by 1ne 

ltbel c a,d 

wnat ,.,.,, Yo"' oone abOllt 1ne 1.., 1-q1,111e P>K" T 

ci,ec, to be ,,..,. lhal 'fO\,I ,..... IM p,ec" .,, o .. ugn1 plac:e Alf 1ne ,.., 
piece, end onfy- ,,.. ,.., p,Kft mini be ,n ,,.. '"" loop In lhe ..econo 
looP ""-'" be 1111 lhe tqv•r• poec• aM onlr tr,. ,qut1, p,ec" 

Malle 1,1p e d,fle,anl p1o,bleffl Cl'IOOl,f _..,,,_ lo, O.lftfffll COfflb1n.11-. 

or aunbut" -colOr tond 1"1~ co\Of' tond ,,se, o, Vla,p,t tlld .. :• P,ae
be♦ playll'IQ lhlt g•me ""'"' Yo"' <_,, P,.,I tne bloch ......... ,,..., C.IO/'l,g 

QUIClily end aal.lly 

Tutn 1ne •~• lor a.ch loop le~ oown S- ,I ,..,.,, p.1,1,,., ~.n ldenhfy 
,,.. tet>el9 1,om ,,., ~ .n the looPt 

C OMMENTARY: A ■LOCKS U AND 29 

Card 28 p,esents In concre te form. using the loops. the same kind of 
problem dealt w ith in Card 27. By now , children may be familiar w ith 
the characteristics o f individual blocks. and they may be familiar wit h 
classes o t blocks, b ut they may still not be able to sh ift atten tion eas• 
1ly fro m individual blocks (as. the large g reen triangle) to classes (as 
all large greens) and back again . The loop s en able ch ild ren to focu s 
on classes w ithout losing their aw areness of the attributes o f specific 
p ieces. Even though they have been making u se of the tact that each 
block has three attributes, some Cl'Hldren may be surprised when the 
class membership o l individual blocks is made visually explicit. 

Card 28 does not suggest to students that they ove,lap the loops: we 
feel they should have a chance to discover this tor themselves. If they 
do not discover 11, Card 29 spells out the problem more exphc1tly. 

Notice that the space outside both loops 1s as much a labeled space 

as are the spaces ms1dB the loops. 

Many hrst graders have en1oyed two-loop g ames wit h the blocks; 
some have been able to handle three-loop games. an d a few have 
played loop games with negations 

While 11 1s likely thal children will find 1t more dtlhcult to work from 

a graphic representatton l han from the blocks themselves, 11 m ay be 
lhat some young children who have become quite familiar with actual 
loop games will be able to deal with 1hem on puzzle cards. 

The problem can be to determine the labels ot one or more ot the loops. 
the contents ot the loops, or bolh In most in stances children w ill l 1nd 
11 necessary to have certam mformallon in order to complete the 
problem. even when this information is not asked tor in the problem 
It 1s probably useful to present these problems in many d11terent 
forms. 

Puzzle cards which call lo r the use of negative labels are apt to be 
more challenging Older students m,ghl explore levels ot d1tt1culty by 
making up problems tor each o lher 

~ 
Pul 1,.0 looc,s on 1"9 I.OIi 11 yOu Old IOI Iha p< .... 00~ pH . .t, f' 

IOoP a,_, ,no,,.. o,,.., loop t••~ 11 .. ,. k)09 ,_ltd <..,.,.,. 
,,nt.,,KUJ IM IOOP ·~ u,01 ,.OU UII Nim. 1111 I IIOM11 in 
otl 1"'9 IN - .PKff Cflllad Dy IM ,nw,r~ ~ M - · H tne 

1 pac:1 oub ..,_ t,..Joop1, trwt • IIV 

,. ...... i,_c;.,_ .. 

~ ~ -
$uppoM Yo" ,.,..,. r-..o _,,. ,n19'WCl•l'IQ IOOp$ one l♦Otled YetlO• a nd 

rti♦ o.,.., ,,.,,.,.,919 
wn.a1 .,. the n e,.,... or a w ,,.. •P"'" ,.nc,...ci,no 1,.. ..,,..c; .. ou...- ,,.. 

000 .. , 

Mai.. up Ofn♦t ptOOlemt l<lle 11-

C.., rou name uw NK" """1"°"" p,&,nu"Q 1ne t>1oc.,, ,n u..m1 

lffl~- II,. l)\Oclit ..,.ci IOOpt and l,Y "8'"'lll'IQ I,._ t-<IOMII 

,. 
? 

? 

rwo•loop PfOfJ/Mn .. ,,11 Uflffl.,,..0 /etM,/J Md m/Hmg p ... 

? I# /~ \ 11111 I ? 

? 
,......-1 ,~~-
,.. • ► · -~-

rrrrff•looP p,otwem • lflt .,nm,H.O l•t>♦lt end Mte ,>,ec:e m 1um9 .. 



? 

~-··~ ___. .... 
-----

Som9 o l ,,.. COl'l/f/lU of 0,,f IOOp .,. ffljS,11tlg AltllOil"" ,,,. pro~,., IS ,o IIJPP''I ,,.,. 
,.,,u,np con1tnrs. IO do to ,t ,s tl«esu,y fo i.tNN ,,,. ~I» 

• ... 
• 

- ·._1 ,._ • 
, .,o•IOOP prob .. m ,equPl'1ng ne,1tt.,. l• t»ts O,,Jr Ol'II 1,11 ol />'«I 1$ ;;H<I 

.., 

• 

• • .. ••• ' .. • 
111rH -loop p,00t1m w ,1h 0,11 po11t,v 1 11011 "'"'" r._o n 1g111vo '~"''ta 

....,........ 

A Blocks 30 

M,k1 tM IOIIOVot"9 lutlffll 

1rn,,lt ye4IO"" C.lfCltt 

1m1H no1-r111ow c,,c1e1 

" '"" y1llow no1-c:1rc1e1 
not•SrMll )'tllOW c 1r(IH 

"ot sm all tlOt•y .. lOW c11clt-t 

~ 11lttOl ·)'tllowllOt•ClfC:IH 

not-1m.t11.,.t1ownoH.,Cloff 

Whll II ,,,,. ""'" ol IM I UDHt o l tne ,,m.,11,no P« .. , 

COMMENTARY: A BLOCKS 30 AND 31 

These cards repeat, with three attributes. the type of problem pre• 
sented w1lh two attributes on Cards 27. 28. and 29. While the tasks 
are essentially similar to those on lhe earlier cards. the add1t1on ol 

a third attribute makes the game considerably more challenging. 
There are eight subsets instead of four When the three loops are 

used. as on Card 31. seven of these subsets are inside the loops and 
one 1s outside. 

As with the two-annbute games. 11 will probably be easier for children 
to construct the subsets as they are named than to name already• 
formed subsets Many younger children may be able to form these 
eight subsets 11 you name Iha subsets for them. They will need to be 
quite lam1har w11h the A Blocks before they can play the three-loop 

game described on Card 31 

If, in making up problems ot their own. children choose two values of 
the same attribute to use as labels, they w,11 encounter the empty set 
We discuss this on Card :M, but the children will naturally discuss 11 11 
11 arises while they are working on Card 31 

A Blocks 31 

You .. ,11 not r\eOkl .,... N I.0.11 

~ 
~ 

Ptau ti1oc•t "',,.. ,o.cn • ....,, 1ne,y b4\lonQ ro, •••r,c,'41 rr·, •~-.c.• 
lhl l>\11'1 both I,... s-1o0p~ lht lalg1loopltk,il not ,nt-.. C,"-t 

loop "",Ill ,. ••• ,n ti I I .... 1, ,91 OllJI tlOt•ClfCt., Ind tllllr tt• , , ,94 

Oli,1 l>Ol•CUC/IS CIIK~ u,ch o l the loop• '" tu•n l,O ~ IU•I 1h11 II,.,.. I t! 

t11 IM< .. and Oft1t Ill P'«t S 

Nl!'M H Ch of u,. h>bMII rou "''""' m..O. ,ncl...O,ng ,,.. ""°""' of p,e,c;.i 

0U\1'61111 1ti.l loope, 

M•~· UC) 00..., P,otllllT'III ""• ''"' or 11 011,ng H Cl'I looc, ... ,ll'I o,ri,,v.1 

••11.>t• lrom , n(>Y UMO "-"' 

4 l 



A Blocks 32 

C~WOt1ev,1ll$0 lO• l'lch,1!111bute !or e • 1m:,i. .1m11•1 b'IJ41 ,n:i 

iq..,,,. 
HO• manw \ Ub\ell (,lr'I vou 1011'11 u,,no IU\I I~ \,l!Uln ,l!'\d lflfl• 

l'l"Q'l'•ons, 11\01 r,:.,. l'I IN nf'Q.11,00\ o l DI~ 

One ,utnel ... ould C00111fl the ,m.1h MW 1,Ql,l,1141 1'10thll .... 01110 cot1t, .n 

••• 1ht v,,&11 blot ~H 1h11 a1e 1W>l 1qu,11t1, f'IC 

H nt<f:\Uty ~H P 1,u, ot tl'le sut>\e11 , ou ma._• t7'I' 11,1 l'IQ 1,-.n- on• 

WPllllt r HK.eolpaPf>! 

5YWt l 

SubHL 1 

Sm, 11 8 /UI Sq<,M• 

When VOIJ htvl lorffl4'd 111 poUlblt t'10se\\ ul OUI l""N ~• a, yO\I 

0'4 lot C.,d 31 ~ 1....,-,i .. 1th 111, d .!utl Yll'.I I'll .... ct,,o1-tn. and IM!'I 

O•~ • u cn \l,,b\t1 w, 11'1 •WOCI""'• ,-pKe 

C!'IOOWI • d 11!11f'<'\t valve !or u c"' 1t1ntlvlt 

C,,ri '/OU ,mtqlf'M ~ '""" lhe ~• ,wtil(tl COUid ~ fOt~ 

..,,,ng thP.M! \ 1th,ft .. ,11tM u,,ni' rne oioco ? 

COMMENTARY: A I LOCKS 32 

Cards 30. 31. and 32 present a sequence of act1vi11es, each of which 

builds upan earher expenences. The games suggested on Cards 33, 
34. and 3S may be d1thcult unless the student Is thoroughly fam1har 

w,lh the act,v11tes presented on cards 30. 31, and 32. 

On Card 30. sut>sets were named and the student was asked to make 

them 

On Card 31 . a visual representation of subsets was created by the 
student lirst using values suggesled to him, and then using values he 

decided upon 

Card 32 asks 1he student to make subSets and then name them. Nam
mg the subsets formed from 1he combinations ol values and their 
negations calls tor considerable tlex1b1hty In coordinating a number 
of ideas The table suggested on Card 32 may tacI1t!ate this coordma
tIon Wnen completed 11 looks like this· 

Subset 1 

2 

7 

8 

Large 

... ... 

... 
X 

X 

... 
X 

Red 

... ... 
X 
X 
X ... 
X 

... 
..- • pos,r,ve value X negative value 

Diamond 

... 
X 

X 

X ... 
... 
... 
X 

When the subse1s are formed, placing them 1n the appropnate spaces 
,n a labeled three-loop panern may help the student grasp more hrm
ly the structure ol the problem Aller they have had practice naming 
lhe subsets lormed when they use the loops, older sludents may be 

able to masler !he compleioly ol creating eight subsets without usmg 
the loops .. 

u~ .. , Pl IOOP .,,.,.1P1 IPI• 1!"9f /,O,, (NI o t a u lt,e <>n. IM)lt W,JQhl ti. 

:;'::"~::::,Ni:'~MA ~::.~hs;;:~ :c;.::~u: 1hp O<oe>e, 

N•GI~ IOOP, and a ll of lh•m mull 00 '" th+$ loop Alt PI-.Ce~i:,': 
not c11cle1 and om, U~M p,.,u fflU11 oo ,nth• N•C,rClfo looo • k 

1 

COMMENTARY: A ILOCKS 33 AND 34 

These cerds, w ith Cerd 3S, provide progressively more dithcull ve,. 

sions of the three-loop game introduced on Card 31 All of lhese 

extensions are difficult, and they will probably prove ol mleresi rna nl~ 
to older children and adults who have had considerable experrence 

with A Blocks. 

Card 33 provides systematic practice m dealing with negations Mo,;i 
people find negatwe 1nlormat1on more d1fllcu11 to deal w11h than 00\i. 

tive information. This may be, in part, because daily Me provre1es us 
with less experience in using negations. Also. negations generau, 

leave more poss1b1hties open than do positives II you consider lhe 
not-blue pieces, tor example. you are deahng With the subse1 ot 
yellow, red, and green pieces Only in the case ot a lwo-value au, . 
bute, such as size. does the negation ehmmale as many pieces as 
does the positive; not small is, o f course, large 

Some people find 11 easiest to handle negations by turning !hem into 

posihves-by considering the values which are not et,minateo Olr>trs 
may be able to deal with "'untranslated .. nega11ons from lhe t1rs1 

Many people will find that aher they have turned nega1Ions ,n·o 
positives tor a while they w,11 no longer need to do so 

If students make up other three-loop games w1lh negaltOns in ao(I,. 
hon to usmg the combmat1on of values suggested. they may en
counter the empty sel It two of the labels are not•large and nor-sm,1 
!hen the intersection of the loops w1lh these labels cannot con1a n 

any pieces, smce there are no pieces that are neither small nor 1arc~e 
Empty sets are explained lo the student on Card 34. where they are 
most hkely to occur 

Note. Many children have en,oyed playing a nor game ma mo,e 
general context For example, you might hold up a pencil and as~ 
"Whal ,s this norr After collecting nots tor a few 001ec1s which 1ne 
children may suggesl, try asking lhe ques11on, " Whal are you not' 
Children have had tun, after they ha11e !1s1ed somt! ot !he 1n1ngs 1r,:., 

j A Blocks 34 

Ont• ao .. n •• , OIIC ~ IPlfH -looP P•II•'" Sh\111 • ,,.. .. I Of la~ u,01 

b()lh pot11rv• aM Mt;!l11'111 WilPIOYI 1Qolt1f\/J M l« I 1111,11 Cll'OI S.,,,,1I 

tnlet .. hnQ c offlbtn•IIOM ol v• lua• .tl'ld ~allO'II ,,.., , O((ul r G, • •• ,,. 

pl• ,,,..o o l ,,out la,balt 1"19hl b11 ~,tlull't Of !Pie urn. am,tiul• u, •fd 
r 

J 
I 

and 0,u. TPle 1pac• made ti\' IM 1111,,,,c-1,on ol 1rie h•O IOoi,1 u nnot be 

lili.tl s,nc• t10 block,, t>Olh ,.o , rw1 b'u• A~, for I\IOUfJ .... 111 

noUllnQ ,n 11 ,, uii.o an •mpr, ,, , 

~ "~' 

AnolMf pou ,b1lol'f ,. thal one ot ~our ll bt-1 c• 101 MN bt to, ,1 "' '"4 
a,wJ aM)thfr IOI 111 nt91t,on 

WPIII h l ppfnt whtn Ont loOp II l1bti.d , .,,,. - ~ l l'IOll'lf t N•C11cr.? 

W rwcll combttlatton ot l• bet• '-•wt ll'le 14",l,ftl p,«ff ou111de IN 

lh•N IOOpt1 

0o Mt}' (OffltMrwtlJOnt ltJI ... tlO p.«" OU:NO.' Jul! Ont PIH• ' 

Whteh combination IU\IH mo•t ot \Pie PtK .. OUIIIO.? 

Look . , IPle labef c •rdt }'OU w'«led &.to,. pfac.ng t,.,. Plk.ff Ulted 

to, '" lhe IOOt)I , ~ ,t 'fOU can P,adlct hOW 111a11, ~" ""'" ba 1ef1 

oultlO. 

were and were not, drawing pictures ot items from their own personal 

lists. It often seems to surprise children that there are more things 
that they are not than things that they are We have found that some 

children. after listing nouns that they were not ("'I'm not an elephant," 
" I'm not a pencil," etc.), become more adventurous and begin thinking 
of adjectives ('Tm not hungry"'), participles ("I'm not running" ). and 
pronouns ('Tm not you"'). 

Most people find 11 more dI11rcult to deal wI1h combinations of posI
ttve and negative labels than with negations only. Card 34, which 
suggests that labels be assigned randomly, makes ,t probable that 

such combinations will occur. The questions asked on the tard are 
d11flcult . It 1s especially difficult lo predict the number of pieces left 

outside the loops by a particular combination ot values. and it be
comes harder and harder to keep ,n mind mformatton already gath
ered about pieces lhat have been excluded from vanous IntersectIons 
It may help, at some point. to use paper and pencil to keep track of 
lh1s 1ntorma11on 

II would be unreahst1c to expect all older students, or even adulls, to 
be ready to respond 10 the challenge ollered by these problems. We 
have referred to " manageable complexity." It Is at this pomt that these 

games. while s1111 manageable, become more and more complex, and 
people d1ller in their 1as1e for complex11y 

''"° a p111,-, ·"'1'IO •• • 1, 0 I ll • • Pff1 Slat! (7y ~ •hQ only m. POH• ... 

1, btl u ,c,1 CIIOOM, 1,ri.1 to," '" loop ana place rt l•ca ® • n t., 111 
loop 

1'01,1, pa,lner ,,,u,1 dll(O¥e• . ,,., !he l.l'bl I ol 1n.. ll'll ff IOoC>t .,, ti,, 

p !K U''9 QiteC.•• ~ ,,,. WKII ,no '•nd"'C °"'' h Ol'fl "°" • Mlhtt IM, 
t'AIOl'IQ lh11• Of not [ l (h OI ,,,. lhlrty· I""° t>IOCI,,• o.lOl'IQt '" only 0 .... 

l)llt,cvl, , •PK• a t010v9" not • • • ••• MC,eW,lll!f 90 tnlO the loopt 

and lholr, I'll ) be ITIOfl p ·acn'" IOffle •P■u, tl\Jll'I ,n Of~. 

11'1 o,o., 10 g,,,. COHKI ar-,.,.,,.,. , o ,ou, patlMf rov m Jly ... ,nl 10 o, ,.,. 
I ln\JIJI d1~ 1m lo, ,oi.,tMfl ,ttowlng I,.,. l1c,.J1 -,OU,._, .... Q>....., 10 1h41 

IOOPI .tld 11111 10 lftl O,ag1,1m U r()U Int""•' 'l'OIJ lllll' lil 1111 '11m 1h11 
' P«-• •• COftKII) P'Ked oni., ,! ., •• ,n '" ul'IIQ~ t,pA,C.e l h,11 , • 

.,1M1 1ns.O. OM ot Ille tewen ti>K•• c•Hl•d Dy tne loOPt or ,n ow 

I P I O oul..O. tne loop,t, 

A ffl\f(h IN>'• d llltc:1111 *"'°" o l ' " " 9a1N can tie C,H l•d ~ UM/'19 on", 
IWQl lr,. labell il+'IO tllhl'lg you, P,l rll'IU l/'111 ,cru .,. ~mo on1, l'lofQII• ... 

llbetl The 11"1(111 (llih( 1,11! ~.,,,otl ,equlf'ff ,0.., 10 u w ~- combonahOf'I Of 

llbttl not lt!l.nQ -,ou, p1rt~t w!'lflhtf ll'le', , ,e • O pot1tsvt 111 neg111"• 

or , com1Jol'\Jlt1on 

Mll(II of u,. d,H1t1,1•1, OI IMM Q,IIN'I Slefflt ltom ,ne d>H< 11lly of 
lfNrt:oet,ng wt111 )OU Pine IH rl'WO ,,om •IICfl ''"1 ot • p,eee 1n I 

1pac• You l'Ulf want 10 •~re OUI torn. .... , of IKOfdl/'19 ' "'• ,nlo,tn.1!,on 

COMMENTARY: A I LOCKS 35 

I 

The games suggested on Card 35, all of them difficult, neverthe less 

range from one which many older children wdl be able to play qu,te 
successfully-the two-player game w 1lh on ly positive label cards-to a 
game which few adults may be able to manage- the two-player game 
with labels chosen randomly. leaving open the question of whether 
they are all positive, all negative, or a comb1nat1on It 1s hard enough 

to play this game knowing that the labels are either all positive or all 
negative. When there Is the poss1b1l1ty that they are mixed 1t becomes 
exceptionally ditflcult to remember all the 1nformat1on you have ob
tained from each tnal 

A number of first- and second-graders have learned to play the two• 
loop hidden-label game. The child m charge of the game needs to be 
able to see the labels, however HIdmg them ben1nd a screen or box 
has worked very well 

•• 



tn wor~t<'IQ U11ough c,,o, 19 1n(t 20 you (OMIAAle<I 1 ,r,,,nu In 

wo•••no Ot'I C~uo 26 you m1l)t ro·""' circi.1 and hgure e1Qfllt 0\11 ol 1111 
blOC'-S PIJl\1!'19 1og1lhe• p1KH "" ''" o,,e IW'O ano U'Hff d 11141flntn TM 

p101>1em , lhil lollOw tomb,ne tne m,r,1 , an.d the commo,i <1,tf1 r111Ce 

,de,, 

Fir,1 41flr'IQe all !1'1111)' two A s roc'5 ,nto I milt!). ,o 1h11 trl thl fOW'l 

.t<IJ»ctnl p,e-cei c,,1111 1,om one anolhef ,n ono 1Hr1bule tn(l tr1 lhe 

columns 1oi1c1nt piec11 11,1111 1n two allnbutH You m1y havit IOYf 

,0,,.1, 1M 1'9l'II colum11s ~ Ohl ,ow, and lour columns 01 perhaP\ e-.1 n 
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COMMENTARY: A BLOCKS 36 

A number of earlier cards (21, 25, 26) focused students' attention on 

differences. The problems on th is card provide additional practice in 
dealing with one, two. and three d ifferences, and present a formidable 
challenge for the student. The second problem, involving a double 

matrix, has taken an adult as much as two hours to solve, but was 

solved by one thirteen-year-old in fifteen minutes! 

At first, many students w,11 find that they need to focus consciously on 

!he number of differences in rows and columns, and perhaps even 
form subsets ol pieces which can be placed in a given position. One 

can be very clear about the distinction between the attributes, have 
had considerable practice in dealing with their values, and still be 

slow m 1dentifymg pieces which possess specific combmations of 
values. as required for various positions m the malrix. With practice. 
however, 11 may become possible 10 proceed much more rapidly, 
shiftmg quickly between s1mullaneous awareness of the emerging 

pattern and sequential attention to individual pieces. 

It may be advantageous for two people to work together on these 

problems, especially 11 d•fflculty is encountered. It 1s easy to make 

m1s1akes when trying to coordinate differences in attributes m two 
drrect1ons. tel atone three. and 11 two students work together, perhaps 

taking turns adding to the matrix. they can check on one another. 

A variety of puzzle cards can also be made which involve differences 

between adJacent pieces These could be in a hne, a cross, or some 
other conf,guratton In most instances there will be several possible 

answers 
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COMMENTARY: A BLOCKS 37 

The three-difference game on the four-by-four grid 1s easier tor rnost 
players than the two-difference game The basic problem is the same 

as that suggested on Cards 25 and 26, but there Is the added comph

cation of arrangmg the blocks so that a piece added is d111erent In the 
prescribed number of ways fro m the piece to the left, to the right, 

above and below. 

The point of the game 1s to see how many pieces can be placed on 

the board. It may be that more pieces can be placed on the board 1f 

some of the other pieces are rearranged. A d1tferent game may be 

played by dividing the pieces at random so that each player 1s hmued 
to his own group of pieces instead of drawmg from a common pool of 

the complete set of A Blocks. 

A further variation of the game results if the ObJect is to block the 

other players so that they c annot move. Students should be encour

aged to vary the rules so that they may see how different lirn1tat1ons 

change the problem. 

Another form m which to present this pro blem is to use either all 

the large or all the small pieces and to arrange them in such a way 

that there are two di fferences between ad1acent pieces. All sixteen 

p,eces can be placed on the four-by-four board in such a way that 

there are two d11ferences between ad1acent pairs, horizontally and 
vertically. though most people will find this quite hard lo do This 

same problem is stated in a d ifferent way on Card 39. Students who 

have been able to solve the problem in one form but not m the other 

will be surprised when they see !he rela1tonsh1p between the two 

The two-difference and one-difference problems are apt to be quite 

d1fflcull tor most people It is usually much easier to work on these 

w,th the actual A Blocks. a tour-by-tour grid, and a partner 
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coMMINTARY: A BLOCKS 38 

arne can be played on a simple or on an advanced level The 
Tlllsg h . . 
p mple game is 10 ma.le one s partners pieces by either two-difler -
ence p1eces or one-difference pieces. Since 11 ,s otten d11f,cu1t tor 
chik:tf'811 to remember whose turn II is. 11 might be Just as well to have 
one person do all the placing and the other person a/1 lhe pamng for 

a sinO'- round. People seem to solve this problem In two d1tferent 
ways. ThlY either check out the pieces one at a time to see ,I each 

hlS one difference or two differences from lhe piece already played, 

01 
tttlY classify by differences so that they 1den11ty all the pieces 

that can be played and all those that can' t. If 111s a two•d1lference 

game. and I red circle Is played. for example. no piece which Is either 
red or circle can be played Students will find IhaI mosI of lhe llme !he) 
will be able to complete all the pamngs. but there w111 be other !Imes 
when no further move can be made If the game Is p layed compell• 

tiyejy', it beComes quite d1tllcult to figure out how one can block ones 

opponent from playing 
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COMMENTARY: A ■LOCKS 39 

This problem requires one to check both rows and columns for 
color and for shape. Many people find this d itt1cult. While It is not 
hard to establish an arrangement that meets either the color re• 
quirements o r the shape requirements. It is hard to fulfill both 
requirements at the same time. Transposition o f pieces will affect 
both the shape and the color d,stnbution. of course. 

It may be helpful to call the student's attention to the number 
of colors in the diagonals or ,n each of the quadrants. 
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COMMENTARY: COLOR CUBES l AND 2 

The problems suggesled on these two cards are suIt1bte for a very 

wide range 1n age Here Is a scenano which " • have used quite 
successfully ,n mlrOducmg one form of the game to ttve.year•olds 
Teacher 

Do you know what a c,ry planner Is? 
Child· 

No 

T Do you know what a dogcatcher does? 
C He catches dogs 

T What does I back-scratcher do? 
C Scrarcnes backs. 

T Well, city planners plan c,r,es. I am 90,ng to .thow you the plan tor 
a city and perhaps you can t,gure out what the city will look l,ke 
(Put out lhe lour loops in the paltern suggested on Card 1 ) This ,.t 

the plan the c,ty planner has made tor his city These buildings 
(co1or cubes) can go ,n the spaces made by the loops, but only 
certa,n buildings can go ,n each space Tins red bu1fd,ng could 
go here, for example. (Place a red cube In one of the spaces 
which ,s enclosed only by the red loop and no 01he, ) Can you 
find where rne resr ol the buildings belong? We can take turns 

trymg the bu1ldmgs ,n dtfferenr spaces and I will tell you whether 
whar you nave done fits the city p lanner's rule 

Children wi ll usually 1111 in the other single building spaces llrst. 
mak,ng use of lhe 1nlorma11on which you ha\e given !hem in placing 
the tus1 p,ece There ,s no way lor them to know m advance whal 
!he rule ,s going to be. of course. so !hat lhete Is bound to be quite a 
bit ol trial and error You should make 11 clear thal th,s 1s really a 
guessing game-Iha! the c,ty planner might have made up quite a d1I· 
ferent rule tor this same pattern of loops It ,s also helpful to tell 
children when they have placed a building correctly, that the space 
Is completely filled or thal !here Is room for more buildings or 
tor making a one-slory building into an apartment house 
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Tfle um, ,1rr.1m,"emen l w,lh rwo more rm91 1dd-'1 

Yes, that ,s me only bui lding that can go there Yes, that bUJldmg 

belongs there. but ir 1s nor the only co lor thar can go ,n that space 
Here you have a three-story apartment house Is there another space 

where you could have a three-story apartment house? 

Mosl groups of people, adults as welt as children. can complete the 
" c11y" when l he problem 1s presented in this form They may be able 
to tell which pieces go m each space without being able lo state a 
rule There 1s no necesstly 10 put a rule mto words. though ti may be 
m1eres11ng to see 11 children want to attempt 11 This problem provides 
a good example of what we have been refemng to as " manageable 
complexity .. Students are dealing with a great deal o f information 
s1m ul1aneously. but lhe represental1on which grows up m front of 
them enables them to keep !rack ol the tests which they have made 
and to beg in to analyze what 1s invo lved II would, of course. be 
possible to stan w1lh a s,mp1er problem. but we feel 11 would be a 
mistake to do so unless children were having a great deal of difficulty 
Later 1t might be helpful to try a two-loop or a three-loop ci ty plan, 
usmg rules suggested on Card 2 or ones which the Children make up 
In making up their own games. children may want to use all six colors 
of loops and blocks 

One hypothesis which many peop le seem to explore. 1n trying to 
determine the rule, 15 that 11 involves what might be called '"boundary
matchmg That 1s. !hey become convinced that a cube can go 1n a 

space 1f part of the boundary 1s a loop ot 11s corer. whether or nol 
the space 1s entirely enclosed by a loop of that color The idea of en
c losu re ,s ob1i11ous when there 1s only one loop When there are 
several loops people are apt to focus upon the immediate boundanes 
o l each space rather than the large enclosure They should under
stand. ,t the po int anses, that bounctary-matchmg o r enclosures are 
equally good rules for bu1ldmg a cube c ity 

One o f the reasons that these problems provide a challenge may 

be that they require shif ting back anct fo rth from the parts to the 
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whole. Most people concentrate on filling up one space at a time 
very few place all the cubes o f a given color in the spaces where 
they belong and then do the same for anolher cotor A good way to 
help younger children check what they have done 1s to get them 
to look a l the problem anolher way. U you suggest that lhey take a 
" hehcopler nde" around the d1llerent sections of the c ity (moving a 
finger over each of the loops helps). they can f ocus on the contents 
or any one of the loops Many children see qulle readily that the red 
loop contains red cubes and that there are no red cubes ou1s1de the 
red loop, and that this same patlern holds for the other loops as well 
When they have seen this they will be ready to play the o ther games 

suggested moving some of the buildings and detecting what has 
been changed. anct removing the loops and seeing ti they can be 
replaced m the proper pos1t1on 

Children should be encouraged to look at the panerns which they 
have made and to talk about what they see They may notice that one 
ci ty plan results 1n all the big buildings being at the center of the 
city, white another has all the big buildings away from l he center 

Ano ther way o f I0okmg at !he c,1y 1s to consider the d1llerences m 
the buildings in adjacent spaces How 1s the bui lding which 1s one 

space removed from the center a l the c11y d1llcrent from the center 
bui lding? When children unders1and the changes which occur across 
boundanes, they may be able to predict what the buildings 1n suc
cess11i1e spaces away lrom the center or m toward the cenl cr w,11 be 

Many vanat1 ons and comb1na1rons of rules are possible Some rules 
may determine the location o f each block precisely while ol hers per• 
m1t several placements Here 1s a sampling of other rules 

Any building may be placed anywhere in the c ity except 1ns1de 1he 
green loop wh,ch ,s the park 

An'/ numbef o f bu1ldmgs o f any color may be placed m areas which 
are bordered by either two or four co lors No bui ld ings may be 
butlt m the other spaces 

-----

A building may be placed 1n any area which ,s bordered by a loop of 

the same color, except that no bu1ldmg can be placed mside a loop 

of its own color. 

MY number of buildings of any color may be placed in any area. 

except that no building which 1s the color o f the boundary loop on 
one side of the c ity ,sallowed. {One could, choose a north, sou1h. 
east, or west boundary or could decide II in relation to the position 

of on• person at the table ) 

four~story buildings of any color are allowed in the black loop No 
building may be built outside the b lack loop 

Color Cubes 3 
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COMMENTARY: COLOR CUB[$ J 

The panern created by alternallng cubes of l our colors 1s more 
complex than a simple two-color checkerboard panern and yel 1s 
structured sufficiently so that most chi ldren ha1i1e htlle d1fllculty with 
one•. two•. and even three-cube removals. 

There are several ways to play the game You can remove a cube. or 
cubes, and ask the chi ld what 1s missing You can remove several 
cubes, mix them up. hand them back to the chi ld and ask him 10 
replace them in the pattern You can remove single cubes from 
various pans of the paltern or a number of ad1acen1 cubes 

One thmg which quickly becomes apparent 1s 1ha1 ,t 1s possible to 

remove so many cubes !hat the sense of pattern 1s destroyed, and 
the l ask of replacing or 1den11fying missing cubes becomes e,ther a 
memory task or an impossible one Chtldren may en1oy exploring 
1ust how much d1stort1on the pattern can wi thstand before 11 toses 11s 
d1st1nct1ve properties 

Selling the paltern up on a 1urntable and rotating 11 slowly as chtldren 
allempt 10 1denllfy missing cubes may actually s1mphfy their task 

Th1s is an excellent game for children to play with each olher and 
one 1n whrch they can easily set problems !or you When chi ldren set 

problems for one another. they ollen have a tendency to destroy the 
pattern rather quickly by making wholesale removals and by movmg 
cubes 11 may be desuable !or you 10 play th,s game with them long 
enough lor them to get a sense ol whal 1s possible with less drastic 
remo1i1als or rearrangements 
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COMMENTARY: COLOR CUBES • 

The " glue rule" problems can be extended to provide a challenge for 

almost anyone. Children may need considerable prac1Ice with rela
tively simple problems before going on to more complex ones. Gener

ally speaking. reversals on the edges of the pattern are easier to 
detect than those within it II 1s important that chi ldren be given a 

chance to devise their own s1rateg1es for locating the displaced 
cubes Some children. even after I good bit or lime, may be unable 

to find out where the trouble Is You might then suggest that they 
focus on one quadrant ol the pattern. or suggest lhal they see 

whether par11cular rows or columns are in order II 1s often surpns• 
mgly d1ff1cult to determine exaclly which cubes are involved m a 

ro1atIon even after the general area has been round. 

Four-cube rotations are especially d1fftcull tor many people II cannot 

be sttessed too much how important 11 1s that children have lime lo 
think. often. when several children are playing together. the onlookers 

make comments such as. "'Oh. that's easy, I know what 111s,"' or 

Come on, Bi lly. lhafs a snap " It may be useful 10 rem,nd these 

critics !hat many problems seem easier from the s1dehnes than they 
do from the vantage point of the player, but perhaps the children w,11 

learn more tolerance when their turn comes and they find out that 

things are not as simple as they appear Having all children close 

their eyes when the rotation ,s made ,s another way o f overcoming 
this problem 

Children may discover spontaneously that 11 Is p0ssIble 10 rotate 

cubes not only in the horizontal plane but also vert1cally- 1ha1 ,s, to 

flip them over If the student has become used to thinking only o f 
horizontal rotations. a three-cube rolallon (corner cube and the lwo 

adJacent edge cubes) mvotvmg lhpp1ng over the " l can be baffling 

A s1111 more complicated version of the game involves double rota

tions For example. a block of six " glued" cubes m1gh1 be rotated. 
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and then four cubes from within the six-cube block might be rotated 

again. the student's task bei ng to return the cubes lo their original 

position In h\'O moves. (There are at least two ways of doing this ) 

You will find it helpful to use a reusable sticky malertal, such as Hold

I1 or another plastic pully, as real gtue This Is especially useful for 

remo\lmg and rotating cubes on the ms,de o f the pattern or m groups 

of four 

Squ•te Color Cubft p•lt•m • •11'1 
on• r,.,oc~ or ICXJt 101,roa 

~ 

,,.,... o,ocllJ tp1,SS,ftg ''°'" 
, "'".,. ColOt CuMt ,un,m 

■ ■ ■ 
■ ■ ■ 
■ ■ ■ nit.-p,l«HIMl ... t>Hff g . .,;e<I' 

~,,., TIN,p,tt.,n un 

et ,.,,ond"' on. mov• 

Tty 10 '°"'~ lhlt IIM'lttOftNIIIOft w,tfl an. C\/Clet tolfot• 00"'0 on IO 
tr;ewro~ 

'·' !'.tj >.I.tu 
·r .... 1 I f ·1 l . :1, 1'. t : . - : ' 

i • t ~ 
- L .. 1~-1 1..:J I - ., I 

1r.n , 11 

~~ !;I:!11 

ll]nm 
Ill 1• . ' = l ... . .. 

COMMENTARY: COLOR CUBES 5 AND 5A 

This card, m both content and format, 1s unique among those 1n theM 

series so far It does not auempt to present a problem as such. 11 ts 

designed, rather. to show students a fascinating property of this pat• 

tern, namely, that it transforms into othtr patterns which are related 
to the original. 

After the tilth transformation, the pattern comes back to the original 

Some students may be interested 1n speculating about why this Is so 
they might want to loUow particular cubes through the entire 

sequence of transformations, perhaps labehng them m some way 

One property of all the patterns emerging from this transformation 

rule Is that they retain a symmetry with respect to the main diagonal. 

top left to bottom righl That 1s, 1f you folded diagonally a sheel of 

paper which had a diagram or picture of the cubes at each slage you 
would find that red always tolded onto red and yellow onto yellow, 
whi le green folded onto blue Why? 

There are many other rules which can be invented for making tr1ns
lormat1ons 

.. 
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Color Cubes 5-A 

KC(l!d•"9 10 (Mir ,ui. ttw ~ • patte,n "' n looli. 1,, e ll'III 

• I • I e I • 

' I ' I ' I • I • I ' 
• I · I · I • I • I • 

Ul•!'IQ "'' ' ,....._ Pall~n &S I ,11111no DIIN ,IIP(lly • • K l ly IM 1,1ml 

111~lo,m1to0fl ,.a. 10 Otltl n I lhird p.i,tl.-1n Ull"'IJ ,,,_ lh.rO P,!lern 

as . "enino p l.ce "'"' 1 I01,,r1h pattt'fn kCOfd~ to,.,. ~IN F\I'• 
l~l'lll•'ll'l lll"I0,1 s11"' 

W ro.Jit l'IIP~ns H ( h 111'1'111' 

Wl'll! hl"90n\ t,,,.l1n11h"'41, 

~-.1,y, 
Can YO\I m~I or.i.t 111nt!orm1hon ,uln'l' 

O'VlfH IM p,1tt11n '" h alt oown ,,_ ff'ICSdll 

WhJI 00 y0U l'IOl •ce ? 

01\,101 o cJI ot 11\e hal'o'H ,n n,11 You now l'l.1ve lou, qu111,,, o t rhe 

011q,n,1 c,attefn 

What tte IOffle of the tl'llllgs f°" not1Ce &bol.ll thi1 ananoe!Tleftt? 

P\i1h lht q ua,111'1 bac• f09elhlf 10 ffll li(I t he wnoi. p,n.," 

C•n you CS.KO .... Oll'!el w,,-, ol d1V1dl"9 ,ne ~"•"'' 

'-'•'• 1ne t our qu111111 1011n Sta<k lhll"I on lop ot one Ht ve your 

plrt"" roo, ti lht to_, you ve mtde end IH wn.1M, he tin figure 
out 1,om ~ 1 H 110\lnd ,1 whit color Cube •• I.INiet 11,e ce11te1 OtMI 

1n tl'!elc>p la'fll 

Wh,11 cube 11 vno.r 1n,1 on.' On ll'lf bottom" 

WM'fl ,,.. lour qu art~• ,ie Jl.lt ll.t'd there 11e n,ne 11ec 1t.1 o f lour cubes 

U ( h Ale 1h11 cuC>N lfl • .,., Ol lheM 1n ,,.. NU'M o,oe,, How"''"' 
d 1tltrent .,,,ng,1menlt ol cvt>eJ . ,. ll'le•• ,n lheH fllM IIIC-11.t' You 

,,_Qhl W.IM lo ffi)lr,te IT'le J!Kit,S 11110 QIOUPJ ot lla(ll.l w l'IICh ••• , ,,~. 

Retnove lhe lour 1,.,..r1 urelulfy and put lh~m on 1ne laDle 

C,11 rou oull't ll'lftn Dack into !ht 0119,n, 1 p.111ern1 

COMMENTARY: COLOR CU■ES 6 

The activU1es suggested on this card show lhe sl udenl that there are 
many ways of looking al lhe pa11ern, of breaking it into segments One 

method of division which is not suggested on the card 1s to make 

nine small squares of tour cubes each Students might also wanl to 
explore what happens when the pattern Is d1v1ded d iagonally 1n 
various ways- resulting In a stepllke diagonal edge 

Students who are quite familiar with the pattern, who have obse~ed 

closely lhe tour quarters, may lind ,t fairly s,mple to ligure out which 
cubes lie under the center top one when the segments are stacked 

There is another interesting feature of this particular stack. 1f lhe 

four quadrants have been placed on each o ther wi thout any of them 
being rotated. If you look at the tour corner piles, you will notice that 
they are identical: perhaps they are, in order, red. yellow, blue, and 
green II you now agree to say lhat these same colors appearing 1n 
inverted form, green, blue. yellow, and red. are really !he same order 
then among the nine stacks o l cubes there are only two different 
orders of cubes-something which 1s quite surprising 

~ 

coior c ubes 7 

~ tt,rf •• 1 ,,.ir o l cu0f1 

:;::."'' d,,i-,,nl P••" to•'°" m ... , "''"9 • • d,11"'"' CO" · ..,.., o t 

en-cl( 10 btl s ur• ,,.., you htve MAO. •ll 
pot~b!• o,,,. 

Cotor Cubes 8 

•tiPOM 'fO\I ha'le two t11Dn o f O-lf••etU colof, , ,-c, °"" lonO • "*"°"" ... 
y,_., • .,. ,"'O .... " ol ~U,ng lhsm otl '°""' Int ,eo ON can~ l,111 

[:] □ 
OI lhe refio-. Gne Un oo 1,IJI 

0[:] : :: ;;:. =.::' ;t•9'"0 ~ P•
1
• to 1h 11 ,ou c, n be "''• 

c-n y<T<' prtdlC~ i::::=.:,::~ ;u:."':: ;:,no tut>ff ot •~ I I 
Nyo,.,,r,a ,eu""C~otd,lltffl'ltcok>,1 lo,e, , ,..ple ,f,,o,ua6Cl a 

D"--Clltloel01t1e 1.o ano , ttro.. Otlet - me,e .,, "'Ole ••JI Of ffl.l • no . ,_ ""[:]"""[] "' : "' : . ' : .. : . : 
. . . . ' . . . . . . ' ' . 

d1tietf'l'II C()6CIIS 

HO"' "''"'1 pa•" c:011ld you rnaJo.• USIFMJ IOllt d 1lltfent ~"' Tn," 
d111f'•111 c.01ors? 

~ ((1¥1'1 p1111• c:outd you '"'"'· ,, yOII h.C, M-wen O,fltfent COlolS ot 

c.11bff" EtOII' cofOI'•' 

cot111MEMTARY: COLOR CU■IES 7 

Thls Is a pairing problem similar 1n structure to that suggested on 

.A s,ocks card 17 There ar~ six colors. including black and white 
each color can be paired with five others (6 x S}, but halt o t the pa1ts 

118 duptlc11es. 

In construcling the~ patterns, students probably will find 11 necessary 

10 
set the cubeS out ,n some orderly fashion to keep track of what has 

b98n done Here 1s one such systematic arrangement 

- - c:. - C. , 
B ICJ CD CJ -- c. 
II] IC] 

- " 

There are enough cubes m one set to make all the six-color combina

hons Students who try to solve 1h1s problem with more than six 

colors will have to work out another system ol represen1a11on or w,ll 

have to generahze what they have already learned from the previous 
cases 

[:] 
Ho., l'fllfly d,t1e1e111 •tyt .,, Oi,e1e ot Pllfll,"IQ \llfff tuDe>t 1n • row ' 
!" row ,,o,ntten1 _ ., ,1 D-, ,.,,.. .. no ,, y0,.. covto ~ 111 it lhof w""' 
at anoH..., 10-, I $e1 ou, •'J I.hf POU~ OlcSfftllQJ of ll'tt' .. Cl.IC-el ol 
0,11.,.,,, C.olo~ 

He,. ""M-f d.lf.,e ,w • ,yt ate 1,_..e 10 P\11 $0,,lf Cubn ,n 10#11 r'fou 

can ""''· lfleW row, ,t 'f'OII IIM two s.tt OI eo,o, Cvbff I 

C.n you d>w:ov ... • .... ., 10 C)l'.a,c1 lh,f fll,ll'n()er ot POnit>'4 IOWI IOI 

111, PIJ'tlc.11'-a1 n1o1mtie1 o t cubff MthO\lt ac11.1, 11, u"ni:t c"°'"' 

COMMENTARY: COLOR CU■H a 

Card 8 contains a hint which may lead children to work out a way of 

analyzing the problem of ordering {permutations) with any number ot 
cubes. Since there are two ways of ordenno two cubes, and in each 

of these there a,e three possib1l1t1es to, placing a third cube, there 

are six (3 x 2) possible orders for three cubes. If tour colors are used, 
there will be four possibihlles tor placing the fourth cube in each of 
the six three-cube arrangements-◄ x (3 • 2) 

Children should be encouraged to make eu 1wenty-four possible 

orderings for four colors of cubes. They will need 1wo sets of Color 

Cubes to do this It will be d1ll1cult for them to determine whether or 
nol all the orderings have been made unless they proceed systematic• 

ally Those who are successful In developing a systemahc approach 
may be able lo analyze whal they have done Students who keep 

track and make sense of what they have done are frequently excited 
when they recognize the general p11nc1ple by which they have been 
operatrng 

.. 
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ChOQ\e cut>t, 01 " " " (11lle•e n1 co10,, to, ,,,mpt• ••d blue •rid 
"'1'1111 

Ho"' "''"V o,Ue•t"I Hit o, \ubut, c•" be 10,meo u1,nQ lr>•ff or ,,.,,tr 
cubM' !Changing tri. OIOtr ()111'\e CUt,e,\ 00.t ROI ffl,1~1' I drlltlfnl 

IUb~I 

Ol\f' Wb!>el • OI.IIO be 111 11'\•ff tube\ IOQtll'I&< ( 8 0 8 1 

, ~ •. u11 1r11« , ut,\et1 01 ••~It cubo 

1□1,001 
C■t1 "°"' "''\e '"''" w~, o, p1u1 ot cubff, 

t001 10 □i 100 
Ont \UbMI • Oo.1'0 1nc:1u<M- no c ... m ., 111• ( I 

Counl1"9 11\t- , vo1-e1 w th no u,bff '" ,t l fllt Int M-1 .,h,Ch hn • • l hfM 

cu~ ,~ •• l lt I IQhl MIi 11\(11ub111, POH!b11 ....,,.,, YOU "~'"''" 

, .... 
Ho .. · ffl l fl} · ·~ I ll l l'lt•• Ol l j)f'Mll"(I S.UbM!I w,t,., tom Of , ..... , 
Cut>t1' 

C!'\(>()11 lou, COIOfl ,no - ~- lt\fft wt>Hll 

Doe" th•t ,,,,,nna , ou ot 1nyth11'Q you h1v-t oone b910t1' 

Wh1n you ha~e tirl!'IO-C, a l! I~ 1ubMl1 OI !0111 Of t•wt 1 C"bn lel V't 

lheH O'I ,,.. 111:llf 10 bt UM'O lo• !hi ,.... , u ra 

Ca r, '°" c a,cul,111 (on PI Plf) how """Y Wbu!l ol C...OH -,OU COVIO 
ma~• ,I '/'Oil u~ lr,;1 color,.., 

COMMENTARY: COLOR CUBES 9 AND 10 

Cards 9 and 10 presen1 p roblems involving c ombinations similar to 

the problem given ,n 1he c1ty•plann1ng game o n Card 2 The d iffer• 

ence 1s 1hat 1n the c1ty•plann1ng g ame the,e w ere a number o f d uphca

t1ons Card 10 should help students see the relationship between 

combmations and city plannmg 

Although the problems presented o n these c ards have dealt w11h 

combinat ions of values o f A Blocks and Color Cubes, students may 

begin to see that the same kind o f reasoning appltes to sets of all 

kinds. Combinations c an be made using any collec tion o f ob1e<:ts 

Mathematical Footnote to Colo r Cubes 

The number o t subsets w hich can be formed from a set with a given 

number of elements can be e)(pressed as pow ers o f 2. pro vided 

empty sets are also counted S ludents w ho h ave been using the loops 

wi ll be tam1llar w ith the following 

•• 

PIKI I,.. IOO&)t ,n Inf tou• loop p1t1e," • Sul>OOM Utt! th,, ,t 1r,,o1he1 c•ty•l)ltnnil'IO (I•,.... bul tr.. bu,101119, •re 
. ,, • ..,, co"ltr\Kltd YOVf ,Ob It to pfK• ll'lem ,..,,.,. ,,,., belong 

0o yOV h ..... •~h bv11dt~ 10 Ml lhe tl)ICft't 

Al• ll'llre tOffll budO.NJl .... ow,? 

c=) 
With one loop the,e a,e two poss1b1ht1es (21

) 

~ 
With two loops there are lour poss1b1ht1es (2' 1 

@ X 

X 

w ,1h three loops lhero are eight poss1b1hl1es 1211 

~ 

With tour k>OP9 there are sixteen poss1b1hl1es (2') 

·II 

The six duphcate spaces c an be ehmmated t>y pulhng 

the loops to one side 

Another way of v1ew1ng this 1s to consider the number o f subsets 

which can be formed from a set containing a certain number ol e le

ments If there a,e three elements. lor example !here will be one 

subset thal has no elements. and afso one subset w11h lhree elements 

There w ill be lhree subsets with one element and three more suosets 
w11h two etemen1s 

It one chooses three colors of cubes and lorms all possible subse1s, 

1nese subsets can be placed m lhe three-nng pattern dueclly 

I (empty) 

2 red 

3 blue 

4 yellow 

5 red-blue 

6 red-yellow 

7 blue.yellow 

8 red-blue-yellow 
00 6 

4 

Analyzing the number o f possible subsets tor a given number ol ele

ments can be a challenging but rewarding undertaking The tabula11on 

ot 1hese pass1b1ht1es 1s known as Pascars Tnangle 

Number of I Number of subsets having the 

elemenls 1n set tollow1ng number of elemenls 

0 1 2345 

I 

3 I 

4 6 4 l 

10 10 5 I 

To1a1 

2 

2' 
2' 

2' 16 

32 

ST 



Color Cubes 11 

[K,- O'•r•• Choo,., O"-e <Olo, ,nd ll~c-, 1 11 lhe <wbf>, Ol ltll't cQk)f The 

I •'1 flol•Vf'f out, o <>e 0 1 his cubH on lt•P. 1aoi. tt,• SH.ond P'• ~~ u n 
rilay one, 01 h,, <ub•n ori an, •Ide ot ,,_.I"' cuM ,. •• , 

di.::1 
: .. J 

o, Of! •ny coma, bu! 
11 mutt be l<X1Ch 1r,g or,.e 

o l !he Cubt-1 1111 •<ti, pl1yt,0 ~Jt~ 
,,," Ob,f'(I <II '""' oun-e ,, 10 o•t tou, cubHOl ·~ Mffll COIO< , n I --

t,.o,,,on,,11, ~ 

~"K"> ~ 

....... ,, ' 
Tl\e 1111! per,on 10 gel I~'" I 10- ti I~.,,_,,,., 

L---------------------~ 
COMMENTARY: COLOR CUBES II AND 12 

The game of t,c-tac-toe. played on a three-by-three board. 1s an old 

favorite The charac1er1st1c which makes ,t 1nterest1ng. and dttf1cult 
for children at first , ,s that a successful strategy requires shifting 
between offense and defense Children tend to play e1lher lo wm or 
no! to lose and they have trouble trying to do bolh m the same game 
Tic-tac-toe gets to be a dull game because neither player can wm 1f 
no mistakes are made 

The four-,n-a-row game wi th Color Cubes needs no board II 1s an 
mterestmg variation of ltc-tac-toe and p rovides fresh opportun1t1es 
tor analysis Children are often more hkely to discover winning 
stra1eg1es when they play a number of vana11ons of these games 

Three-m-a-row with two players 1s a very dull game end has not been 

suggested on the problem cards II might be interesting for children 
to discover lh1s for themselves 

Three-in-a-row with three or more players 1s an mterest,ng game of 

strategy Players will soon reahze that they have a choice of which 
person 10 block and that 11 often takes teamwork to keep a player 
fro m wmmng When there are more than two players, 11 becomes 
necessary to thmk several moves ahead and to make the plays which 
will be favorable 1n the long run When players are lam1har with the 
game. H w,11 be more mterestmg to have a senes of games to deter
mine a winner, since the order of play strongly influences the out
come 

•• 

Color Cubes 12 

Thll , . I oam• for lhlff low, liYe Of l!O peopl1 

Each p,,,t.On cnoo1n • color 11'1d Olly\'" t u1 n 

TM ob/NI o l lM QIIINI 1110 Qfl lhlff p iecr1 !fl I ro-,,, 

hOl'!IC)l'lta• r ITTI 

w•O<•"• § 
.. 
o,1;on11tr 9b 
11 ,, 11T1p<>,llnt 1h11 ♦ICh pt1Y91 p la<I n,, cvbtl ,n turn 

Mtre ,, .,., unt,n,shed lhrir-e••ll •l •IOW o•~ 

~ 
Yell<r,i, w ilt w,n tri,s 0 1,,,. u~H 1)10(11.t(I b')' bolh red and b!ICI< 

Hu, 0'""' ,s alto ,n11,u1tn9 "''--" OI•~ w,lh l h1 w1n1hOl'I ot 1How,no 
,,,. '"'" cubH 10 be Sll( kl d OM Qn IOP ol ll'IOlhll, on 1dd1l1on to lhe 

11,, .. ol!Wr IMH-,n•• ·'0""' pon•blht,n 

coror cubes 13 

en::;;~;;_. cut>t ol eacn coio, •l'I u cn ,ow •no Ol'llv Olla of U t ~ 

~ '" •ac" coiu,...... 
,o-....... , 

l l I I -·~a 
:,; ::':,:::Q;:;;:::;:: ::~:':Q::: c04umn hH °"- •no on~ 

fry ,,,,111119 UI"' 14uat.-t ...,,,,n ,,,. Color Cub.-, 

S tudr ,.,. GofOf pattefr'IS ' " you• l a l,1'1 1,QUMH 

,.,. uwt• dln....nt k~ of Laf,n t,qUMH., 

CO'I"' tM l'll,lffioet o l COIO" ..... H Ch Quart., ot , .... '°""""' lou• Lat,l'I 

t,QU .. ,. 

~::,..:.::; lour•t,y-lcx;r L•nn tQia•'H wn.cn na,,. lllllO coro,, 111 

y,,, .. ,o1011? 

Fou' cot0~' 
WN1 00 ~ fl()tlCe at,ovt l he d1,001UIS" 

Color Cubes 14 

1
• •·• Lat"' 1,Q.,a,u wth '"'" tolo,, o, Cubfot a --o u11" c.,ti.,,ol tan 

,_ 
Wn11 00 , ou not+u '°'6.,t ,,... c, 9Ql)tla , ., 

Mo,, I"', ,..,,, 1-•~ COlu""' t,o tt>al •I tit<~, ll'lt l""rd <OI

Oo 1°"' U,I h l ,t • La!,'I 1q,...,.,,, 

"'°"''"'""'"'' '" '°"' "'O!hat ,1o.comH1t\e 111,,c,,o,, 

Oo ~Ou "'w f\a·,, • L•t.O'I I.Qua,,, 

What l'> l pPtl'lf(I 10 11'\ti 0< 190na11 ,n •~" C• ~ l 

lfl' ,,,.,,. · ~ 11'111\QS " ''". '-·~ ·tour l tl·n l,QUl1t 

.. 



.. 

Color Cubes 15 

I QUlt• "'1lh 1""1A CubM 

0,o ,ou 00 1t by 11111 • no e,ro, or h .awe you wetl..ed ovt • ,~,.,...., 

UM • 11 II• colo1s • 1'0 11- cue., OI eacl'I color M1~ ♦ I lllll'I 14\,lre 
Wllh l~H cu"" 

II You shltt ,o""s 1no cofum~ wtll you st,N l'l1ve I l 111n a.Quar•' 

C111 you reg11n you, 1,1111u1n~!Nflt by continuing to'"''' ,o.., 1no 
rotumM? 

Color Cubes 16 

Ma .... . l aM &,QI.I.,. Ulin,;J 

11t<M Now mil♦ I d11!1,1nt L• •~ SoqUI.II u1,1ng IM»- lout c()loi• 1h11 

)"OU ChOH for IM '"' ' Lllll'I t,qUIII 

t, II PGH•ble 10 place II,. HCond Llf+l'I t,q1,1a11 on lot) of 1111 ,.,~, ,n IIICh 

I way 1h11 no hwO Plltt . ,. r1oe11.o? A btu. m1y 1M Otl loP ol I fld 

,1nd I red "'rt 1M on top ol • blue bu1 t t\f-11 cannol 1M more thi n one '"° 
°" a blue o, r,liH on • ,eo Only one p111 can 1M m~ w11h I culM Oft 

..-.oui., ot thl u me COIOI 

Tr'H1 p1obl1m c an be done .... 1111 tome ' •nd1 ot L•t1n 1qu11e, Dul not with 

O!M'f'I 11 w1n help )'Ol.t 10 lNp I ,eco,o of lhe ~lndl o l Uton 1,QUI JH 

1h11 .. ,11 t,1 IOQll t\41' In l hol w•r 

11 you ere 1bl1 to do 1h11 prot,.let'n you un uw your .olubon to ~ 11'11 

p,otii.ni "'~"" o,i A B'oc• s Catd 39 U1e ~ of Y'O'I' U bn t,qUMK 10 
,nap ltle cok>r ol lM A Bloc.~, aMI ltle 01~• to ffllP lhe ~~ tFo, 11111 
p1obleffl YoV 'flflN l)e U .. l'IQ •• l hl sme ll A B'Oc• J OI' 1 11 the 11191 OIIH I 
To rn,p color you cen 111'!\pty lel 11,,. colon ol lM cuOH reler to the 

~mt COIOn Ol ltle A 8 Joc• s 

In 0fltl! to ffll P tht9e )'OU .....,u nffd 10 ... , UP M>l'M kind ot code Fo r 

, ~1mp!e rou could let red 1t1no lor sque,e g,Hn lor lnM19!e blve tor 
circle #Id ,-tow to, o ,, .mono The MO stPllilt Lion IQUI IH ffllde 0 I 
ColOI' Cut>tJ .. Otitll'l'IIN ,,... l•hn t,qlll ll Of A BIOCllfl 11 orw Colo, 

Cuf>IJ bt1n 1Q111re can t,e ptacff OIi 11'11 olher Ol'II ...,11,,01,t reputn-.g 

lt\f!~!ll"9I 

E~ 11 you.,, not , tit. 10 to/V't t his p,ot>i.m 90 on to,,.. ne•t u,o 

f\aDII to toM !hi prot,1em M.I091t!t,0 on C, ,o 16 ~u 
II "'"" t,,4n ~ it t,1Gk1llltOI Try !he P'OCllm •~1.0 Of'I A. B1oc:o-

1 
:.: bl' tbN.10 

: 10 ,,_..,. I Llhfl IQUlft (V11n9 .. ,,.., I~ llftlll or u,. 
~ 39 _,.;ct, to thll ,,...,. will oe one ~ ... ol HCh COIO, 111 ll(h 

to- " sJOt") cc, • ..,,nn. end 1 IIO Ofltl tlloo, of HCh '"""'" H Cl'I '°"' 
: .... ,nd In , aett TM" ,Mkl Co.for Cubes l l hn l,QU., .. Ol'II to"'"' 
,r,d ,-'11 ;:::,":: 10 mtP thl sn-,e 01 lhl A B 1oc1o., l 1bn 1et1111M "",..., 

ffl can ~ tolYIO 00 nol t>I dtte0Ur191<1 11 )OU ... UIIIDII lo do 
Jnit ptobll 'I""' 1tttft'IPI II 
itlhf l1nl 111'M 

IOh'I Uul thldf ''- 'YPH ol l au1 IOIHJl ""-1 ~ 
e,'1'1'Jlfllt,NIO 

N\4 
1
,..., o,tflrll'II lrOffl 0 1na, u1:n squai-11 Vffll(h Uft be"'* 

:::::COIOlc~•' 
,.IC~ I tolu1i0I\ lo thl A Bio<•• LI M t,q1,1111 PIObllm, JOU 

If yO" ~ o 1ry I LA11n IJCtl.'•'· W'llh '"' P.o,,te ~. 1$ "'90ft.tad on 
.,. r.-t'I c.,d 1& Sa_. 1'- Colof CuO.s Lat," 1q1,1.,., thal JOU Nlva 
,..,,,,,. ,,,« .. 1M A 8/odll Llhn ,qua,1 Th,ty Cll'I al.o bl Vlad lo oat., • 

.,...s to tNP .,_,.wilhlhePIO(ft fJ«N 
,,_rra 1L1lJl'IJoCI 

c;c,MMINTARY: A BLOCKS 39 
c:OLOR cua£1 13, 14, 15, 11, 17 
pa:Ol'L& pllCIS 15, 16 

A L1tJn square Is an arrangement of elements (numbers, letters, 

cok)l'I. eic.) such that no two elements are repeated in any row or 

column of the square. Any number of elements may be used so long 
• ,ach appears once In each row or column. 

L1tin squares w ith Color Cubes present a wide range of comple>uty 

Thl'Y can b6 Introduced to younger children by using 1ust four cubes, 

t'#O each of tw0 colors There is only one way 10 make a two-by-two 

Latin square, and It will sti ll be a Latin square If rows and columns 

aro shifted, 

A thr..,.by-three Latin square may not be much more d1ff1cult for 

young chi ldren to make There ,s Just one basic type a sohd color In 

one diagonal and three colors 1n the other Rearranging rows and 

CO,umns will change the color of the d iagonal but will not destroy lhe 

Lltm square 

The four-by-four Latin square Is much more Intere$tlng. Smee solving 

the Lalin square problem with A s,ocks and with People Piec•s 
depends upon choosing certain types of Latin squares. 11 may be chal
lenging for studen1s to analyze some ot lhe patterns There are twetve 
types of four-by-four Latin squares. and a good research prob~m for 

older students would be lo f ind ways of telling lhem apart. In this case 
l he useful attributes are not single qualilies, but rather patterns of 

color or numerical relationships. One way of dlst1nguish1ng one Latin 

square from another is to count the number of different colors in each 
quarter of the square. This 1s only parUy helpful, however, because 

there are thrN Latin squares which have two colors in the quarters, 

four which have three colors in the quarters. and hve which have lour 

colors in the quarters Counting the number of colors m the center 
block of four gives additional information and, considered with the 

number of colors in the quarters. helps to d istinguish the squares 
somewhat more precisely 

Another useful way 10 tell four-color Laun squares apart Is to draw a 
diagonal hne on the pattern where two or more cubes of the same 

color touch at lheir corners. Each of the twelve squares has a d1stinc• 
hve pattern which ,s revealed ,n this way 

There are two types ol four-by-four squares, as shown on page 62 

live of one type, seven of another The problem suggested on Colo, 
Cubes Card 16 can be solved 11 the two squares in the first row or any 

two of the lhree squares in the second row are used. Any one of lhese 
five squares can be transformed into any other one by rearranging 
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rows o r columns For example, m the second row. the l1rsl pattern 
can be transformed mto the second pattern by moving the first column 
so that 11 becomes the third column. Students may be Interested in 
making up a notallon so that they can tell h ow to get from one pattern 
to another on e. (One notation for the move suggested could be. ) 

Any one o f the second type of square can be transfo rmed into any 
other of the seven in a s,m,lar fashion, but no amount of rearranging 
of rows and columns will transform a square of the first type into a 
square of the second type or V1ce--versa 
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COMMENTARY: PEOPLE PIECES 1 

This card presents a task s1m1lar to that of generating the sel of A 

Blocks, described on Ca,d 1. For younger children the same method 
ot introducing pieces that was described m the Commentary lor A 
Blocks Card 1 may be used, except that 11 Is probably a good idea to 

stan by showing the children one ot the pieces 

In some ways the People P1ecos set may be simpler than the A Blocks 
set Wh11e there are lour allnbutes instead ol three, there are only 
two values to, each attribute The mam d1ff1culty with People Pieces 

seems to be that ol lermino\ogy The words children tend to use 
spon1aneously to describe 1he pieces refer to more than one attribute 
·man. " woman. " boy, and " gur· all refer both to sex and to age 
When a child uses the word "'b,g, he may mean fat. he may mean 
tall, or he may mean both ta1 and tall 

It ,s important that children have a ctlance to play with the pieces. 

to invent games. and to sort out the various leatures of the pieces at 

their own pace, lacing the problems of term,nology only when these 
become relevanl 

We have used the following terms tor the attributes and their values 

Attr1bure Values 

color ,ed blue 

age adull. child 

sex male. female 

girth (la1ness) la!. 1ri,n 

Children may be ready to use a standard vocabulary aller trying some 

ot the ac1,vI1,es suggested on Card 2 
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People Pieces 2 
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COMMENTARY: PEOPLE PIECES 2 

While chi ldren may have 1rouble w1Ih l he terminology for the People 
Pieces. they seldom lack ideas for things to do wilh them. Many live
year-olds have spontaneously formed the single-attribute subsets sug• 
gested on Card 2 Sometimes they have formed subsets of People 
Pieces that have only one difference. that Is. three-attribute subsets. 
Often they mvent a story to go with what they have done: '"The fat 
people are all going to eat al this table." " The fathers are taking lhe 
t>oys on a tnp. ··The boys and g11ls are playing.·· Sometimes children 
group the pieces into families· perhaps the fat red parents have fat 
red children, or, on another occasion , the fat red parents have thin 
blue children (Children oflen delight in exploring improbable genetic 
combmahons with these p ieces!) 

After playing with vanous subsets, children may be able to fo rm 
others " by eye" before lhey are able 10 say m words what the attri
butes and values are. 

People Pieces 3 
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COMMENTARY: PEOPLE PIECES 3 

s,x two-attribute combinations can be made from the four-attribute 

People Pieces set. It will be helpful for you to be aware of the possible 
combinations as you observe the groupings the students make. 

color-girth color-sex girth-sex 

color-age girth-age age-sex 

Students will probably arrive at the conclusion that there are six 
possible two-attribute pairs by making lhem Some may approach 

the problem more analytically. One way ol l hinkmg aboul the task ,s 
to recognize that each ol the four attnbutes can be paired w ith the 
three other attributes. 

color-sex 

color-age 

girth-age 

g1nh-color 

girth-sex 

There are 4 x 3, o r 12, poss1b1ht1es but because half o f them are dup
lications, there are only six different pairings possible 

Younger children w,11 frequenlly discover two-attribule subsets as 
they make up sto ries abOut the People Pieces Some children may 
be ready to talk about their stones. and may be pleased to have you 
hslen m, suggest mod1llcaI1ons and extensions. or tell stories of your 
own If you told a story about the tat children eallng tuncn I09ether 
children might then readily fo rm the group or lat children ,n wh,ch 
girth and age are the common am,butes Ano ther story m,gnt be. II 

these people (the lat children) are gomg to nde m one car wno will 
ride In the olher lhreo cars?" It ,s no t necessary, o f course, to have 

stoues to r all groupings II you torm one set of pieces that have two 
attobutes m common, children will sometimes spontaneously form 
the other lhree sets or pieces which share the same two allnbutes 

People Pieces 4 
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COMMENTARY: PEOPLE PIECES 4 

Suppose you place a thin red boy with a thin blue boy and say, 

··These people are going to walk together " If you then I1ke another 
piece. a fat red girt perhaps. and say, "Who will walk w1lh this 

person?'" many children will know nghl away which piece to choose 
and will form all the other parrs. They wdl have lormed three-attribute 
subsets by deahng wi th 1ntormation given in the first p1mng SJmul
taneously, not by saying to themselves, " These p11rs must be 1hk1 in 

se,c, age, and g1nh It you or the children have been led by the 1ug

gest1ons on the card 10 make such a sequential analysis of the attri
butes shared in each pair, 11 might be useful to do the problem 1gaIn, 
making pairs as rapidly as Possible without trying 10 name the attri

butes You may sometimes find that you can do this quickly and easi ly 
by eye. without usmg words It Is a common e)(penence, however. 
that sometimes one·s ··s,multaneous awareness·• falls, and sequential 
analysis 1s needed to prevent or correcI errors Students working 
these problems can learn to solve many problems quickly and easily, 
bu! they may also discover thal there are times when II is Impcrtant 
to analyze whaI has been done, step-by-step 

II 1s often not obvious. even to students with considerable skill in 

handling three allnbutes s,multaneousty. that 11 Is useful to locus on 
the common difference instead of on the attributes which are shared 
Since Ihe pairs will be ahke in three out ot the four allnbutes, there 
will be one attribute which the pans will not have m common II a per
son neeos to give himself mstrucIIons lor makmg these pairs 11 may 
be easier to say. ··They must be ahke except !or sex, than to say. 
They must have 1he same color !he same age. and the same g,rth ' 

Readiness 10 cons,der d1lterences as well as hkenesses ,s uselul m a 
wide range of problem-solving sItuaI,ons 
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People Pieces 5 
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COMMENTARY: PEOPLE PIECES S 

These games are analogous to the ones suggested on Card 29 1n the 
A Blocks serres The ideas are presented rather more directly. since 
Sluden1s should be able to recognize their s1m1larity to the ideas in
volved 1n previous loop games 

In using People Pieces with younger children. and perhaps older ones 
too. It may be helpful to spend some time naming the pieces accur
ately. For children who can read, 11 might be interesting to place the 
value cards as follows 

Red - Fat - Male - Adult 

X X X 
Blue - Thin - FemaM - Chlld 

All sucteen pieces can then be named by reading from left to r ight, 
following the various arrows 

Older students may be interested m working out a way of symbohzmg 

the names they have used so that they can keep track of what has 
been named and what has not If the values in the top row are repre
sented by o·s and the values in the bonom row by t ·s, the number 
0001 would represent the red fat mare child. A s1m1lar use of binary 
notation 1s suggested in the Note on page 72. 

People Pieces 6 
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COMMENTARY: PIEOPLE PIIECU 6 

This problem is directly analogous to the one presented on Card 31 
of the A Blocks series. Students should, with a ht11e practice, be able 

to name the subsets before placing p ieces in the spaces fo rmed by 
lhe loops. For the problem suggested, for example, there w ould be. 

thin red adults 

thm adults that are not red or 
thin blue adulls 

red adults that are not thm or 
fat red adults 

adults that are not th in or red or 
fal blue adults 

red people that are not Ihm or adult or 
fat red children 

thin people that are not red or adult or 
thin blue ch ildren 

people that are not lhin. red, or adult or 
fat blue children 

thin red people that are nol adult or 
thin red children 

Smee there are only two values o f each attribute m the Peop le Ptecos 
sel, each negative statement can be converted into a pos1t1ve state
ment In the A Blocks sel this 1s true only of size, since each ol the 
other anribules has four values If one o f lhfl Peopfe Pieces IS not red, 
then 111s blue, i f 111s not an adult, then 1t 1s a child . and so on Stu• 
dents who are not conf1den1 m hand/mg negative ,nformallon may 
find II helpful to make some negative cards, N-Blue, N•Thin, etc 

When two loops are labeled by both values of an attribute (adult and 
child, to r e,cample). the mtersec11on will be empty because there are 
no pieces which are bol h adult and child 

--,....-

robfen'I of determining the labels on the cards which are face 

TIIO P Ide the loops Is the same u that suggested on Card 35 of 
dOW; ::Cks series. Because there are fewer pieces and because 
the onfY two values of each attribute, students may find that 

~::. handle this problem even ii they have had di!liculty w,th the 

:'.:ogous A Block• problem. 

People Pieces 7 
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COMMIENTARY: PEOPLE PIECES 7 

I 

This game Is s1m1lar 10 the one suggested on A Blocks Card 18 Those 

who have been able to play that one successfully are not apt to have 
d1ff1culty wil h this variation 
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COMMENTARY: PEOPLE PIECES 8 

This problem generally requires step-by-step analysis: it is easy to 

get bogged down attemphng to solve 11 au at once. 

The analysis 1s not d1ff1cull There are four pieces which d•fler In one 
way from any key pieces, one difference for each of the four 
attributes 

One Difference color 
se, 
age 
g1r1h 

There are six pieces which differ from the key piece m two ways It 

may be helpful for students to recall the pairing which they d id in the 
problems suggested on Card 17 of the A Blocks series or Card 7 of 
the Color Cubes series There are si x ways of pairing fo ur attnbutes, 
Just as there are s,x ways of pamng four blocks 

Two D1Nerence1 color-sex 

color-girth 
color-age 
sex-91rth 
sex-age 
girth-age 

There are four pieces which d iffer in three attnbules from the key 
p,ece One way of thinking about pieces which di ffer m three ways 1s 
10 recognize that there will be one attnbule m which they are not 
different 

" 

Three OJtterences color-sex-girth (same ageJ 
color-sex-age (same girth) 
color-g1rth-age (same sex) 
sex-girth-age (same color) 

There Is only one piece which Is different from the key piece m all 

four attributes. 

If this problem proves too d1fflcult you can suggest tha1 s1udents try 
it with half the set. all the reds, or all the males, etc 

..... 
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OIKh in H Cl'I Pt r '"In' bl at,!o.1 '" 11\IN t..-o OfW CH ftO Wl)"1 ~

OM Of I lle Plf<ff n .. tfl C,a.f Cl\ IOOOf 1"-0lM' 

Call WOYI part,_.. t~I by 10<111,ng II what 5' v notr OM p,tGe • htl 11 

1;1'10t1 111 the oth"'' Tl'l1t •<J. un M c:1,ico- 111,1 rule you,.,,... 1,1,e-o 
10, ma-.inoi»"' 

I 
I I 

Pl1~ 1M Ql'"W wl'lefl IM rt 111 O~ IWO lhrff I nd to,,,r Cl,11~tnc" 

btl• Hf"I I~ P<KU n, H Cl'I Pl>• 

II Ill tl'MI C)le(:e$ lfl 1n N.1:l K COt'0.1"19 10 ~ r1i1• Uf'I ~ 119',111 

01,11 ltW ,ut,t 1u11 Dy lool •no 11 lht top Olteff ... rhOvl UM~ IM 

bOIIOfflp,e(lll'IO,,,.. P,lrlll'\11 

COMMENTARY: PEOPLE PIECES 9 

Oe1erm1nmg the bottom piece In each pa,r after having seen the 
bottom piece m one pair requires awareness ol the pamng prin
ciple When the pairs have lhree attributes i n common, most 
students will t>e able 10 name the bottom pieces quite easily. The 

task may be harder when there are only one or two attnbutes in 
common or when there are none 

When studenls are lhoroughly fam,har with the concept ol syste
ma1Ic pairing, they may be able to discover the rule 1ust from 
looking at the lop piece in each pair. without havmg uncovered 
any of the bottom pieces. There are some pamngs for which this 
,s not possible For examp~. 11 all the red pieces are on top, any ol 
the blue pieces might be under any of the red pieces. that Is, all 

you know tor certam abou1 the paIrmg rule 1s 1ha1 11 involves a dif
ference In color. On the 01her hand. 1I seven red p ieces and one blue 
piece were on top. you would be able to de1erm1ne the rule, because 
you would know that a red p,ece must be under the blue one, and you 
could determine from looking at lhe seven v1sIble red pieces which 
one it must be If there were six red pieces on top and two blue ones. 
you could not fully determine what the rule was, but you could narrow 
the range of possible rules to two 
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People Pieces 10 

Mal l • pllf ·,uth any two P•KM 

P• t !he rt m , ,n.nQ C)Cf<tS s o th•I ,,,., sh11e the .. ,.... lill.tnt,'l,t\ • nd 

o ,tte,encet (II you, l11il Pllf O,llefl Iu11In COIOf. 11'\e rtffllll'llng P••u 

,~ 01llt1 1n COior on•r J 

~· OM mtl'llboft ot H(h p ,111 on top o l !hf Olrlfl 

C• n your ptlll'lef 1111 whtl 11 unOe, U Ch Ont ol the cov..- P,k4l t>elort 

h• ttlo.H • nl O! 11\effl 0 11 7 

H••• .,.1twM piotilem1 1nvotv1ng '"'' the , outt ~ctl Auulftlng ,~1 
IMY h1.-e bHn pairtO srstem,rJu lfy un VOU teH wn,1 -. 111 Ml unOt, 

H Ch p,tce? In Ont OI thnt QIOUP, ' "-'• ., nol enovgh 1nl0tmt1,on lo 

, 011-. the pioO!em 

o· r &' r 
r o· r I . 

f ¢' ' ~- r 
Try""' W>lh . Olf'lei"enl hi~ o l t,Ol'tl Pl4K .. YOl,I lftlgfll "~· • • ll'lt 
btuff 01 • II lM 1, 1 -,.opts OI .. ,he th,tkjftn 

C.n rou p,Hlct wh4<:h proOtems un Ml M)IV.O •nd whieh c.1nnot? 

COMMENTARY: PEOPLE PIECH 10 

The first two problems given on Card 10 provide enough mforma11on 
so that It is possible to tell which piece Is under each cover ,f you 

know that all the pairs share the same likenesses and differences 
The hrst problem has two men and two women, two fat people and 
two thin people as covers The key to the solution hes m reahzmg 

that one of the covers Is blue while the other three are red Reds must 
be paired with blues because if reds were paired w1lh reds and blues 
with blues lhere would be six reds and four blues, whereas you know 
that m the subset ol adults there are lour reds and four blues The 

piece under the blue cover must be red. and the only red p iece that Is 
not v1s1ble ,s the fat red man Color 1s therefore 111e common dIller
ence m these pairmgs 

In the second problem there are three women and one man, lh roe thin 

people and one fat person, and three blue people and one red person 
One can locus on the piece that ,s different lrom the o ther three m 
any of lh&se ways lhe man must be paired wi th a woman. !he tat 
person with a Ihm one, the red one w1lh a blue piece. and lo r each 
of these pieces there is only one possible choice since the three other 

possible choices can be ruled out because they are cover pieces The 
pairs must therefore differ In color, sex. and girth 

In the tinal problem there are two men and tv-o women. two lat 
people and two thin people. two red people and two blue people 

Smee there ,s no odd piece, the basis tor the paIungs cannol be de
termined without removing one o l the covers 

"''"'~th"~,.~' '" aome sy1l•m1hc .,,,,., 

C-" yO'J n,,U • "111M out o l 1nem? 

ftY , ,,.no~G IM p-4t<ff •o 1t1•l tn , ,.,. '°""' • II lhe 
oA t"° , uuoolft lo• ,.,.,p~ o ,'1h " '" «>IO• "'" :;;«" "''" •-• 
.,., .,..,. ,.,.,.. of.., two otM• "'""""' , , , , • .,•:,'°'""'"' 
~ • ...,~• of lht ~t w hich th.,. t.lllN , o,1bvlff 

(itn ~ ~,cfl bf .,,tno-<' tn • tNlm -, 

can JO'J "°"k• • 1hr .. ·d11nen1,oo•I m,u,,.? 

coMlllpO',\ltY: PEOPLE PIECES II 

uctents who have worked through 1.he A Blocks ma1nx problems 
51 td be famlllar w i th this type of act1v1ty, and may form a matnx 
'7.'t,t PeO/)le p/,ces spontaneously For those who do not, Card 

~
1 

~ t• some posslbll1 t,es 

' 

A thiee-dirnenslonal matrnc: may prove challengmg tor anyone It 

,night be I matrix of four rows. two co lumns. and two layers 

EICh row would share common values, as would each column and 
_.eh pair o f peees in a stack. An arrangement of this son can be 

·•sliced'' 50 that all the pieces sharing a value of an attribute are 
together For example. It all the blue pieces are on top, a horizon
tal sliCe will separate the b lue and red pieces. a d ifferent shce 

.,
11 

separate the blue and red p ieces, a d1Herent slice m,ght 
s,plfltt the adults from the chi ldren. or the males from the te
,naleS n is not possible. o f course. to separate the values of each 

attnbUt• In a three•d1mens1onal matrix when you are using the 

tuU four-attribute set of People P,eces A subset having three com
mon eltnbUtes can be arranged so that 11 ,s " completely shceable. _, 

I 

People Pieces 12 

'"'-' <omc.onthon ol two v•iue. J-1"'41 tn. lour ~ ....ti.en 
lh&lt tlotll Ol !""4 1,ilue, 11'1 • t11• !1u Plte• the '•ffl.llfl....., Pt-... 11'1 

010.,p, Of lour 10 tf'lti COrr ttC)Ol'ld 10 1"4, ftl1,I ,...,, 1 

ll Ofll nit••• 11 "''4ot ol l1l i10.i'lt !flt~ ..... ..,.. bl tr,,n .OUlts 1•t 
(r,,,o,· " • no lh1n <Mdrtn 

o· 
~ 

.I , ( I' , .. _ ,.__ 

1 .. . ....,.. n ... ,..-

Whli.-,ourp1nrit,11not l0oluflo c.hu,ge ll'lt P01'1.onof h•oof tllt 
P•«tot • •!h,11 att, one ot Ult w~ , o,r imtf'IC4.S 

Can11tllll";(I OU1 '""1-lchP-Kfftou~WIOl>\lt~ NC• ,n p'1U1' 

AQ,,n Ch1119t 1tie ~l(,n o, l• o ~ "'""' ~, ~rtne, ll noa ·~"'0 
T,..,, Ii/Tie flt l l'IOIM lino OU! .... ri.c:tl •uo~ YOII Ch6f19..:l Ind,,.. Ch.tfl9t 
S,« .. in the~ tl'IIN "-bllt11 IO UllftSPOnd lotl'le ,,._ .,,~ ... ~.,. 
wtw.nMlt'CM,lrtubt,tb ttt~ t;ft\~l r to ontanolW)'O!,t w l ~ il 

,.,..., ""'11'19 p0it1t io, Pl• ytnq ll'I• a.bO,... oame, to;• •ri 

Can 'fOu 1t1tn1, ot OVWt1 ""°• ot o•~ t/1,11 u , tit p1,,..., stm.11,; 
-...U,1t1 • ••~ ofl.Ol,ltf!!.11,<M~"lhl"t!"'°""nab0-,,e? 

COMMENTARY: PEOPLE PIECES 12 

This card presents a problem which Is not conceptually d1lhcu1t. 

but which can provide a considerable challenge in scanning to 
find d11ferences It also suggests a game which can result m 
systemattc transformation of the ong,naJ matnces ,nto new ones 

Games can be mvented which involve transposing pieces among 

the lour matrices Such transpositions lead to a much greater de
gree ol complexity It may be best to allow students to discover 

the poss1b1hties ol these mrer-matrix transpos1t1ons for themselves 
1f they are 1nchned to extend the suggested problems 



People Pieces 13 

l •r<kll lov, IO«>t Ilk• ttu, 

llbotl ...... , 1'11 IOop Wllh I value o f 1n 1ttr,bl.lt1 l11M-l lh1 N«>nd loOP 
... \lh I ¥a1Ufl ot I d ,11..-enl 1tt1lbl.li. OfM loQo ""-1Qh1 be 011ft ltlOfNI 

"'°90\I be 8 -.,. '" ChooM ¥11uH ol lht otMf two l ttnbl.t~ 10 IIMI 

t~r1m111t1119~ 

No ... · Pul H Ch or 11\41 Peop/1 ~ e«s ,n lhl 1pJ11opr,111 loop o r IOOPS 

COM MENTARY: P'EOP'LE P'IECIES 13 

This is an extension of the three-loop game w ith the People Pieces 

which was suggested on Card 6. It may come as a surprise that the 
People Pieces set with tour attributes. each having two values, can 
be placed into the pattern used for the '"city-planning'" game w ith the 
Color Cubes Even more surprising may be the discovery of which 
piece does nor go into the pattern. Students may, when they have 
played this game several t imes, want to try predicting, for a given 
combination of values of four attributes, which piece will be left out. 

Students can be led by this problem to an explicit awareness that 
each of the values of the People Pieces may be thought of as a nega• 
tlon. For example, 1f one of the loops 1s labele-d Red. some students 
may find themselves automatically saying that the pieces that do not 
go in this loop are the Not-Reds, and then suddenly realize that these 
are the blues 

The pattern of loops suggested here ehmmates the six duplicate 

spaces of the patterns given on Color Cubes Card 1 A different ar
rangement of loops which elimmates these sue duplicate spaces is 
suggested in the Mathematical Footnote to Color Cubes on page 56. 
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People Pieces 14 

ChoOM I valul IOt' • • , mpa. rid 

M••· I IIM ol 111 thl l)tKH "'ht(" ......... '""' o iu. llld lhen con11nu1 
the t!M will'I 111 1M i,t♦US WfllCh h i .... It'll OU'lef '<'.iu1 OIW Al Uie 

reds WIii be 1()9elhtf, to lowtd Oy 111 lht b lue, 

Now Cl'IOOM anou-.,, 1111\lt' to , 111mp1 .. '"' ' ' W,thln I K ,.. ol the COIOI 

subMlt "' your .. ,... the 11\l~S l hc>IMS COl'M belofl It'll lll'NI~ Th.II It 

the,,,., l(Wf ptKH in th• line ...,n tMI lld m llu. tht' M d four ,.., 

fetnfltS llC 

o.c,ot on I l h11d .,,,u, 1111 ,, •dull, lhen *1lh1n IM IUC>Hlt OI maro 

and ltffl:11" )'OU ~ l ltHdY m1M the ldutt, w,H C0l'M belo,, lf'lt 

cr111dren FINll!y. 11 you ChooM lalnffs U IM '°""" .. .i..,., the 111 1.0 

llduft male-· comt be!OII the """ /ltd l dull "'' .. 611d '° lom, 

S11ttll'l9 11 one end of Ui,e l1n• . s11c i. • H li• teen pi,ec" !n 01der Hn• 
)'C)UI p,i'1Mf 1ry lo p,•OiC1 ,,_. P..Cfl ,n ,~ $1.Cll.ing '~'f'l"Q I PIK• 

•• IOOft&IN ri.tma<M aP,.otc110ftM>OV1 tMO"t unCMf 11 

Mow QUtCkfr c,n tw p,eOICI COl'FK!ly'> 

C1n you mike up 01twr rules? 

Tt)' 10 •~ • wr, ot , ,111,no ttw rules to th•1 your panne, can P4,Jt u,,. 

P'Kfl WI Ol'def w1th0ut 1,1.,1no 10 you etlO\,II your n1IH 

C1n "°" 1t11e lht- rulel in worOI? 

COMMENTARY: P'EOP'LE P'IECES U 

The problem of ordering this sixteen-piece set m some systematic 

way opens up a wide range of complexity. Students may find lhat 
they can predict the next piece succeS5fully, even though l hey can
not state the ru le. It is also likely that the person doing the ordering 
will make some errors and this can be the source of prohlable discus
sion. 

Note: 

There are many ways of describing lhe different orders, and devising 
ways of analyzing them can be an interes11ng puzzle Here 1s one 

way of recording the sequence which was suggested on Card 1, 

piece 
number blue old rhin male 

1 1 1 1 1 Ttle numeral 1 stands tor 
2 1 1 1 0 lho presence o l the given 
3 1 1 0 1 value: the numeral O 
4 1 1 0 0 stands lor the presence 
5 1 0 1 1 of ,ts oppas,1e 
6 1 0 1 0 
7 1 0 0 1 
8 1 0 0 0 
9 0 1 1 1 

10 0 1 1 0 
11 0 1 0 
12 0 1 
13 0 0 1 1 
14 0 0 1 0 
15 0 0 0 1 
16 0 0 0 0 

Those fam1har wtlh binary notation wi ll observe 1hat the order ol 
pieces 1s given by counlmg backwards in base two 

L'1itt tQU_.- n•"• ti"" 1n11oe1ucto on eoio, Cu,,., 
... , . ... .,, • • .., .. ""''" , . .... , 10 .. " c ..... , .. " ,......,. ,....,, .. on,.,.,. wo• .. ,0,. ""m•,:•'"' """ ,._ 
,.,,, .. .-P..C" O•L•hn .. oo,o 

~ ,::,~;":..~:: :::·::·: ;::;~ ~· .,,, ... ,, .. ,. -~ 
ach row i nc, in eacn co:.:v. ,...,.,,,. ..... ,.,._ .. .. ,, ....... :·'"'°'"' ....... :: 

10 
tOI"'• 1nit pt'obS.m It)' to •.c.111 now ,o... ~ hQui.o 

It 'f'I"' .,-. abNI 
11 

'lfh•I 'fOl" i•• tol'Wl9 WH or I\Ow , ou ,,.nt "°°"1t ,c 

~ (1111 w11;,::. not•, ...,1,. '°'"°,,. etM who ,.., o.n _,ie 1o ~ " ....... 
rptl.-d 11 11 1•11.•• nourt Of O.yt tor ,o.. 10 IOh-t, lhis n 

00" I bti .... ,natl dllhCull o l IM L• hn 1qu1t• p,ot,!effit 
.-"' '° be.,_. 

cc,IIIIMEJITAIIY• P'EOPL E P'IECES l5 AND l6 

,__,.. pages 61 and 62 for commen1ary 

People Pieces 16 

rou 1\1~• bffn lblie 10 IOt'ta ,,.,. PfOf>19 Pieces L.1,n i,q1,1.,, p,oc,&a,., 

•vooes1.a on C•!O \!, If) l'Pll()p,no IC -..-, ... c°'°' C(,HI Y,w .... ""Md 

IO HUibi.tr1 I CO(le 10 lf'l.• I I Colo, in I COior W Des LIM !,Qua•• COfre

•POn011Q 1--0 ••Ji.itt '" 1"41 Peop,. Pi«fl M1 Ofte Ol lllt CoJo, cuoe. 
lilltl &4111ttt lllf'III be ,,..a.a lo, '""0 of .,,. l ltl>bl,i\" •no 11'\e ou,., 0nt 

10 , Ulti lwo IM!Lth n g lltrfOute, Oriti IIICh t001 lrllQN be_, l e>'lc).1 

'""li lon t411•e 
ICOlotMO w , 1 
•eo-rllCI letl\llie 

~-blue '•"'•It 
.,.llo.,,1t0 l'lllie 

!I'""~ ""11 

~ t•:.~.,. 
!• :i- ano 91nt1) 
1.0•~11.111 

O~· ldutl ttun 

.,.ao..-<MO IM 

9/Nft•tn.a ll'lln 

" ,Ou l'llve bten '-"Ible lo '°,..._ 1"- Peor,,. ,.I«., L1tin 1411• 1• bu1 ,,_.,... 

IOuna two Colo, CloOt• l.11.,. tQwrtt ...,.icn un be pll(.a one on IOp Of 

!tie OU'ler • """""'° 11'1 Coro, CIQJ,11 Caro 16 JOU l"\,lf UM lhMe 
lq,l4r" lo~ lfl4 ,~,. ".-cu p,ObfMI 'fCM.1 "'f'i n..o • per,ne, 10 

fle!p ,OU lolO,, Ille C0<te 11'111 10\I Ml up 0 ,,. CW. t!Wf td 1()1,1 10, 

••~It 1h11 !ht~ on l"le 1oPPtr l<tlMwino corn., "• to bt r.o l1'CI 

!em~• -"'i. Ille other tube te,,J, ,ou ~ t1 ilt,0 n1;1 to be • t"""' Cl'ltlO 

[kt! ()111 Of Colo, Cv.i.J lt•e'OI'• Qelt-f ... NI tour,...._,., aN<II , .,, 
tt!tt 10 Ot\ly one 01 !ht ,.f'Oj)le "..u• 

I I 

[j] ~~[I] 
[iJ~~ [i] 
[!] i] ~ ~ 
00~~~ 
This set ot allnbute pieces has the same number ol attributes and 
values ol each attribute as lhe Peopfe P,eces set Students may en1oy 

making such sets by drawing on the back 01 t11e People P,eces se1 

or by drawing lhe shapes on separate cards Students w,11 proht 
tram making up at1r1bute sets of their own 



card 5 Jexums 

Creature Card 1 Gl,gs I I Creature Card 2 Shlooms cre•ture Creature Card 6 Gruff/es 

AU ot these .He GJigs All o l lhl?se arc sri,ooms 1 &"~Yst ~ ~11 of these a,, G,umes 

n< uc 1 1 U{]o~ .. ) g??oVM 
None ol lhese is 3 G11g \ I None ol lhesc •s a Shloom 

~0~~9 
None ol the~ ,, 1 Gru/f/e 

o <J □ Q <JW/ □o 1s0 at0 

:~[Jn8( , , P~8@~~ : 9Kf~J1 
Which ol these 1te Grutlles? 

Qoj ~~ 

I 

,eature Card 7 Snorps 
Crea1ure Card 3 Wibbles Creature Card 4 Bleeps C Creature Card 8 Mel/marks 

~ifBQ? ~]0° 0
:: ~~~o~ ~jyJ,t 

Nono ot these rs a W1bble N • . 1 Non• of lMM Is• Sno,p ~ None ot these 1s a Ue11ma,1i 

~ou0B OJ«,t,i · : (~T,J f1~\0}fJ; 
[Sci~~0J2 ~~~of , '~~1110 , iVI!if 

- - ------- - --- - - - --- -- -
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~ 

Creature Card 9 Skinrs 

All o l lhese a,e Sk1n1s 

4/;Qu(u 

(~h8°~~ 
Which ol these are Slums? 

JJ~\u1& 
Creature Card 11 Fubbyloolers 

All o1 1heH 11e Fubbylool•rs 

4C• I -
-

. 
' -. 

,. 

None o t these 1s I Fubbylooler 

~~ <1· X 
T v ~ W 
Wnien 01 these are Fuot>yloole,s? 

{j''1 9 /.~"-~ 

Creature Card 10 Makes 

All ol these are Mo.kes 

O □D tK 6 
None ot u,ue Is • Moke 

o□ n! ~ 
Which ol these are Mo.lies? 

~,~~qQ 
Creature Card 12 Norleys 

All ot these are Nor/eys 

~bM. t> ~~- f • C, 4 • 0 e 
0 • . 

• • I) 

L 

None of the1e 1s • Nortey 

ti i1 ~ J ~ r 1¥ ~~-d 
Wh1c:n Of theMI 118 No,leys, 

1~U-Oit 

• 
l 
.. re c11rd 13 F/orgiedorfles 

crea ~ 
~II ol tnese ,re f/org1od0rtles 

idJN~1t8 
Nf~•"~t;,:~~ y; /;IS ...... ~ e 

~-

~~l~li 
creature Card 15 Trugs 

~I ot theM are Trugs 

ot?1b.D 
l'iOf\liof theM " 1 Trug 

~0~1ov 
WhtCh ol these are Ttugs? 

l Qooj 1> 

Creature Card 14 Quarks 

.\II ol these 11e Outrlis 

1L~~•·•:1 - V - ' 
-.~)} i',,' ~ 

·~{1'~:~>::.~ 

None OI these ,, a Ou,rlc 

~ 
V ..... 

Wh,ch of those a<e Oua,>s? j 
'~

' :''' :,., ~-~<:;' . •\I 

-:,\;~~: 

' · 

COMMENTARY: CIIUTUIU: CAIIDI 

A Blocks, Color Cubes, and People Pieces enable students to explore 

the relat1onsh1ps among attnbutes which are relatively unambiguous 

There Is the problem of isolating the attnbutes of the A Blocks and 

the People Pieces, but these 11tribu1es remain constant and the 

emphasis is on their use in forming various subsets. Cre,rure Cards, 

on the other hand, emphasize the Ident1fIca11on of defining attributes 

lt 1s possible to create. with hnes on paper, a wide vanety of attnbutes 

and combInat,ons of attributes Creature Cards indicate some starting 

points. a samphng of some of these poss1b1hties Students should be 

encouraged to make up their own "'creatures" to explore other 
attributes and combmat1ons 

Each of the first six Creature Cards has a single Ident1fying attribule 

open figures. curved hnes. tails, spots, and so forth Cards 7. 8, and 9 
present creatures which have more lhan one 1dent1fymg altribute 

Snorps must have spots and tails, Melhnarks must have spots, a black 

dot. and a tail 

The d1tt1culty ol these prob'ems seems to depend upon the number 

o f defining attnbutes. the amount of irrelevant 1nforma11on or " noise. 

and on the subtlety ot the attnbute Mokes, tor example, have a single 

dehmng annbute. but many people may nol notice at first that all 

Mokes are the same height Florg1edorfles, which can be 1dent1fied 

by thetr height and the number of arms, present another d1thcult 

problem Trugs are the only creatures 1n the senes defined by a union 

mstead ot an mtersec11on ot attnbutes shaded triangles or unshaded 

quadrilaterals are Trugs 

Students may be able to point to the llgures m the third row which 

belong to the class which ,s named w1th0ut being able to say how 

__J they amved at their answer One can have a hunch about a creature 

n 



All ol llleH . ,. A I 

• • • 
Non♦ o l lllHe II · " A 

■ • • • 
Wll•Ch ot lf~H ♦te A s1' 

• ■ • .. . 
A le• c• ros wtt,c-11 . ,e preumrfl/J H'I rne u,ne ,o,m•I H ,,,. C,u11,1re C• u:a "'4r o,, helpful 

If! 9emtt9 ch1ldttm 10 r«:Of}nue 111•1 m•nr ol Ines.,,._ proolem• • r• t>as,cellr ,,,. a..m• Ofl♦J 
,,,.,. . , • • ,, •• (1y ,.,,.,,,., .. , , ,, 
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and be able to solve the problem at a perceptual level. without being 
able to say why a par11cular choice was made The Creature Cards 

can encourage analysis by showing students that they have to check 
out their hypotheses step by step 1f lhey are to avoid errors 

There seems to be a subtle difference between asking a question 1n 
the form, " Can you point lo the Gligs?" and, " Is this a Gl1g?" The 
first form of the question is oflen easier for younger students who 
can scan for " Gligness" but have trouble in making a separate yes 
or no dec1gon tor each figure. 

Children as young as five have done the first few problems Our 
expectation 1s that children 1n the early grades can en,oy the lust 
cards 11 they are presented in a relaxed, casual atmosphere and not 
m a formal teaching si tuation 

Chi ldren may be interested in comparing the real world with thal o l 
lhe "'crealure" world Some l1ve•year•olds l r,ed naming lhe Wtbbles 
they knew in lhe real world dogs, monkeys. horses - anything w1lh a 
t31I A person w,th measles or heckles 1s a Bleep. antt there are many 
two-eyed Jexums around In compaung crealures ,n the card set 

some chlldren observed that all Gruflles are Jexums. but only some 
Jexums are Grullles. that all Melt.narks are Snorps, but nol all Snorps 
are Melhna,ks 

There will undoubledly be some d1sagroemen1 about uie creatures 
that children make up for each other ,I no1 about the cards which are 
supphed It may be uselul to d iscuss w11h children the necessity o l 
having some instances of things which do not belong to a class in 
order to be able to amve at a det,n111on II one assumes that any 
creature can be a member ol the class unless there 1s evidence to 
the contrary, 11 ,s clear that $hlooms can have stnpes. tails. eyes, 
spo1s. or any o ther features as long as they ha\le a curved outhne 
Consider the l ollowmg sequence m which a very broad dehmuon of 
class 1s used 

reachf" 
11,,. II I Quigly: 

0 
Wh•t do you thmk Ou1gl1es are? 

Child' 
Tl>r/'f9 aquares. 

T• Bui f/111 Is I Ou1gly too 

0 
C: r,,,'(re any rectangle 
T: TIiis ta,,.., a ou,gly 

[ i 
C; Any tour•stded ftg ure is a Ouigly 

T: This Is • Ouigly 

f"'/\ 
C: Ou,glies have straight J,nes tor sides 

T: Here ,s another Qu,gfy. 

0 

C All Owgh~s seem to enclose a single space 
T But th,s is also a Ouigty 

CfJ 
C They must oe enclosed-no openmgs 
T This 1s a Ouig ly too 

n 
C Bur everyth,ng you nave drawn on the paper ,s a Ou1gly' 

T Yes. a Ou1gly ,s anylh,ng drawn on paper. 
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CHAPTER TWO 
ATTRIBUTE GAMES 
ANO THINKING SKILLS 

Now that you have had fi rsthand experience with lhe materials and 

problems which make up this uni t, you may be interested in consider
ing with us the nature of learning and ways 1n which children may 

be helped to develop skill and confidence m their own th1nk1ng 

A child's hablls and styles of thinking and his attitude toward learning 
are markedly influenced by the cond1t1ons under which learning l akes 

place. If speculations about the psychology o l learn ing are 10 be 

useful in education, they must take mto account a wide range ol 
problems, mcludmg the subtle and complex problems of classroom 

o rgamzat1on While certain experiences may be more useful than 
others in helping children develop effective sktlls o f !hough!, and 
while 1t 1s hoped that the present malenals make 11 possib le for 

many ch ildren to have such experiences. 1t musl be po1n1ed oul Iha! 

simply administering a set of exercises to children without taking m10 

account their 1nd1v1dual interests and development 1s unlikely 10 

produce lasting effects Experiences which result m growth cannol 

be handed to a child. they are something which he mus! reach out 
for and !he opponun1ty for reaching may require cond1t1ons qu11e 

d1fleren1 from those m wh ic h mere passive reac11ng 1s sulf1c1en1 10 

meet expectations 

Thinking: Out of School and In 

Babies and young children play, and we play with !hem We do not 

anempl to teach them m a formal sense, anc, ye t they team a Ire• 
mendous amount, largely on their own m111at1ve 1n an environment 

of m1eres1,ng thmgs and responsive people When 1hey are directly 

involved man ac11v1ty, the a1ton110n span o f young children 1s much 

longer than we normally expect m lhe c lassroom, and the intensi ty o f 

the1r engagemen t m the !ask at hand 1s olten quite as1on1shmg A 
ch ild 's play 1s his work. a serious and compellrng work for which 

he uses any materials which may be available The young child has an 

ac11ve mental ltfe, he seems to be learning necessary and useful 

thmgs much ot the time In hts 1magma11on he creates stones, fan

tasies which parallel or ant1c1pa1e the real world 

~ 

1,111ge 
15 8 

most impressive inte llectual acqu1s1 11on. yet children 

~ to talk withOUt formal ins truction The ch ild does most of the 

lfll11 tor t14,nself. At first he pays attentio n, probably randomly. to 
#()fk ~nts in ~hat he hears. He may then begin 10 pay more 

:;;. attention to the elements which seem important because 

,epetttton or of the context in wh ich they occur He rehearses what 

: ,.,..ct, 
10 

remember. o ften 1n a mo nologue at bed time Though 

_,.,ung to talk it an 1mpress1ve accomplishment almost all children 

dD ...,n If wt used trad1t1onal p rac tices o f format instruction to 

IIICft chikirtn to talk. they might never learn In v,ew ol tne1r great 

pattnti .. ror ...,ning. any attempt to help children with then lhinkmg 

mutt be undertaken with hum1hty, restraint, and respect 

Thi conditk>nt under which young children learn so much are 

appn,ximatld In some ot our nursery schools and kindergartens In 

tht beSt of these there ,s respect to r t he d ignity of the child his 

,tgl'tl to "'8ffl and his r ight 10 choose what he wishes to work on al 

1 
pll'tiCUUlf moment are protected Under such cond111ons. the child's 

~ for NH-direction. h is ab1hty to become deeply involved 1n 

wbM he 11 doing, and h is readiness to respond to mean,nglul inter· 

-,t1on1 by adults and other c hildren. are much greater lhan 1s 

COfflfflC)f1ly realized. 

Whirl a child enters ltrst grade al six. the cond111ons under which he 

11 u:pected to learn often c hange radically Unfortunately. the pattern 

in the primary years 1s increasingly one o f formal 1nstruc11on with 

MOit of the choices about con1ent and approach made by 1he sc t1001 

and the teacher The teacher w ith the a,d o1 the timetable and lhe 

curriculum, assumes respo ns1b1hty for teaching the child and equates 

IMChlng wllh learning a most dangero us and misleading equation 

Much of the child 's poten tial for learning 1s lost as soon as someone 

ebt attempts to assume respons1b1hty for that learning The child 

may or may not be in terested 1n w hal 1s taught o r in the way 1t 1s 

presented. whereas formerly he was ab le to teach h1msell by ac ting 

upon his 1mmed1ate interests He may learn 10 pay attention at least 
part of the time to please the teacher, or to avoid punishment. but 

he may lose much of his capacity to become deeply absorbed. and 

his attention span may become a fraction of what 11 was when he was 

working on some1h1ng of his own choosing The child who can be 
incredibly pers1s1ent 1n his spontaneous play may find h1msell m a 

si tuation where the only kind ol pers,stence permitted him 1s 1hat 

which 1s apphed to an assigned task II he does become interested in 

a school ac11v1ty he must make his interest conform to the schedule 

01 lhe classroom, putting away the things he 1s worlong on and 
beginning something else many times a day He learns slowly to 

conform to the schedule and the d1sc1plme ol the classroom by set· 
ting aside his own 1n1erests anci learning the game called " school 

The kind of self•d1sc1plme and personal involvement wh,ch enabled 

the child to acquire language becomes secondary to the d1sc1phne of 

the schoolroom and 10 the compteuon of fragments of assigned 
work 

In add1t1on 10 hm11tn9 scope lor 1ni11ative and self-d1rect1on. formal 

teaching s11ua11ons often place other restrictions on chlldren·s learn· 

mg To enable one teacher to instruct a class. sub1ec1 matter ,s 

b roken down into hllle pieces which are presented one at a time By 

checking to see whether these discrete pieces have been retained. the 

1eacher can gain the sa11slact1on of seemg a measurable result o1 her 

teaching There 1s growing evidence, however, that II 1s ollen more 

d11hcult tor ch1ld1en to coordinate separate elements presented to 

lhem singly than 11 1s tor them to deal w ith much grea1er complexity 

which 1hey can handle ,n their own way Children may have d1thculty 

understanding things which are presented 1n httle p ieces Dull and 

repetition can make 11 appear that 1hey have learned somethmg. bu! 

when memory tai ls !heir ·1earnmg · d isappears Playing the game of 

school successfully demands a good memory and an interest tn 

pleasing others The process ol repeating , testmg, repea11ng and test· 

1ng agam helps the teacher and the school subs1ant1ate the 1\lus1on 

thal the method 1s work ing Directed teaching ot th1s sort often leads ., 
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10 mediocrity in thinking precisely because lhe systematic avoidance 
ol challenging complexity makes learning more d1fflcult and less 
rewarding. 

An 1mponant idea that has grown out of the mvest,gahons that led 
to lh,s unit 1s that of " manageable complexity " Many of the games 
and problems suggested in this unit are complex. The matenals ava,I• 
able. however. seem to lead most children to reahze that allhough 
soluhons may not be ,mmed,ately apparent, there 1s hkely to be a way 
of dealmg with the complexity. The materials are rule-bounded· the 
A Blocks set, tor example. comprises four shapes, four colors. and 
two sizes: and once enough pieces are on the table to read the child 
to suspect that there are no more shapes, sizes, or colors. he can 
usually ,nfer what the remaining pieces in the set must be The city
planning game with Color Cubes is a good example of this kind of 
manageable complexity. There are a number of things tor the child 
to keep in mind as he decides which buildings go ,n each space, but 
a v1s1ble record of his successful hypotheses ,s left by the com-
pleted buildings. and thus the complex,ry 1s not overwhelming. The 
-narnx games suggested on Cards 19 and 20 ot the A Blocks sel are 

urther exa mples o f manageability the attributes shared by rows and 
olumns must be determined in order to solve the problem. but all the 

,formation needed is present 1n a form that 1nv1tes taking steps 
hich will lead to a solution Many - though nor all - hve-year-olds 

id these problems challenging, as do many- though not all - adulls 

eature common to most of the games and problems 1s that memory 

101 as important as reasoning ab1l1ty. In many school settings 
·rnory ,s often c rucial. and the child w ith a good memory may be 

~ to succeed with very little real thought o r insight Confronted 

a new problem or a rearrangement of an old one, ho wever. the 
I who ,s accustomed to relying on memory may be at a loss. His 

mg 1s often as linear as his instruction has been: the steps he 

Jllo wed have ltttle relat,onshrp to one another; and he may have 

101ion of where he has been or where he 1s going This does 

not seem to be a necessary pattern for education 

Slmultan.ou1 and Sequenllal Thinking 

II may be useful to distinguish between two kinds ol thinking, s,mul• 

raneous and sequential, always remembering, however, that these 
terms. or any terms thal one might use, are really shorthand for 
extremely complicated modes ol tt11nk1ng which are imperfectly 

understood. 

In complex situations we oflen deal w1lh quantities ot information 
virtually simultaneously, without conscious. analytic thought We 
pe,1orm complex physical acts such as riding a bicycle, drivmg a car, 
or swimming, without analyzing the separate components of the ac1s 
or being able to explain ,n words how these components are related 
We do the same when we perform complex acts which are not physi
cal. For example, we are all able to recognize people we have seen 
before w1lhout having to stop to consider the1r 1nd1v1dual features 

Consider this last example. 11 really ,s remarkable that we are able to 

recognize hundreds ot people all having two eyes. two ears, a nose. 
and a mouth. Unless an 1nd1v1dual has ou1s1and1ng features. we may 
find 11 quite 1mposs1ble to describe him enough for someone else to 
recognize him II 1s not simply the shape of the nose. the expression 

of the moulh, or the color of the eyes whrch ,,.ggers recogn1t1on It 

1s. rather, our simultaneous awareness of these and many Olher cues 

w hich gives us a v1rlually ,nstanlaneous 1mprcss1on ol a unique 
md,v,duaL We seem to be able to handle a deluge ol mlorma11on a1 

once. our thmkmg 1s so sw1fl lhal we may bo completely unaware of 
how 11 1s proceeding 

Most of lhe 1,me If ,s not necessary lo analyze 1he lhings we do easily 

and naturally. Analysis becomes 1mpo,1an1 when performance fallers 
or when we wish to become consciously aware of the reasons tor 

the conclusions we reach. or to commun1care these reasons 10 others 
Then we must be ao/e to 1sola1e o,rs of mformalton which we have 

acted upon and deal w1lh them one ar a t,mn. sequent,ully 

~ 

Wt can ,pP&l'lntly either deal w ith many ideas at the same time. unre

tttetfVlly, or W'9 can separate and analyze lhe components of a 
sttuadon, cte1HnQ with them one at a time We probably cannot think 
in t,Oth way1 at once. since focusing on isolated aspects of a s,tuauon 

tend' 
10 

deltf'OY our awareness of the whole What we may do, how• 

r,el, ii to shift attention rapidly back and forlh from the whole 
to tll parts. thinking slmullaneously or sequen11ally as required. 
AttrlbUfe Gant# and Problems 1s designed to help children exercise 

and t,eeOfM confident of their ab1ltty to think ,n both ways and 10 

f//JtlPlOY both modes of thought m complex s1tuat1ons 

C()nlidlf' your own experience in taking the A Bloclfs oul of !he box 

one t,y c,ne. You were probably able 10 infer the contents of 1he se1 

bllore Ill the JHecttS were on the 1abte You were soon able 10 tell 
wt,at WIii fflilljng w1thou1 having 10 consult a hst ot the pieces 
Whll'I you bUilt with the pieces and 1a1er picked up one ot them and 

named Mt values, you did so w11hin a framework ot awareness ol 
othlr pieCN and their values. In other words. you were able 10 oeal 

werh ldla one at a time or many at a time, and could shill back and 

forth, easily, between the two kinds ol thinking 

A #JloCil and the other matenals provide the child with an anchor 

for his thoUghts as he shifts from the whole to 1l s part s and bacl(. 
again. The materials are bounded by the1r defining attributes. which 

have I high degree of contras! Bnght colors. d1s11nc1 shapes. and 

ctdferences in size emphasize the uniqueness of each of tne A Blocks 

whiS. alao making 11 possible to group !he materials ,n10 sels havtng 

properties in common The contrast makes 11 possible tor children 

to shdt from the iden11l1ca11on ot an 1nd1v1dual piece. such as lhe 

small ~ circle, to formation of a class. such as rhe red pieces. or 

one which involves two attnbules. such as 1he small c11cles 

The real world is not as simple as !he A Blocks world because !here 

are more attributes to deal w ith, many of them no! nearly so easy 10 

d1stingu1sh from one another To become skilled 1n dealing w1lh 1t11s 

kmd of compleluly and 10 develop an awareness of lhe logical rela
llOns between classes ot ob1ects, 11 may be help1ul 10 have had cxpen
ence w1lh a model compnsing a small number of eas,ly iden11t1able 
atlnbules 

The idea of a model 1s ,mportant to an understanding of the poss,
b1l1ues lor ustng the atlnbule materials The term 1s used here in the 
sense of a s1mpht1ed mental picture ot the important aspec1s of a 
complicated problem in the world We use models cont,nua11y ,n 
everyday hfe. 1hey correspond to our expeclat,ons about s1tua11ons 
and ob1ects and m1ghl be lhoughl ot as maps lor maneuvenng ,n a 
complex envuonment We may be unconscious ol a model unless we 

stop to wonder why we were so readily able 10 deal with a novel set 

ol circumstances 

A Bloclfs 1s the one model 1n this collecuon 11 1s supplemented by 
People P,eces. another set ol blocks with altnbutes which are no! so 

easy 10 name Color Cubes involve s1x values of only one anubute 
Creature Cards, drawings on paper introduce a large variety ot values 

for children 10 discover With so many vana11ons. ch1ldren have 
many models wtuch may be of use 1n mastering complex s,1ua11ons 

Clanlllcalion 

Class1!1cat1on plays a ma1or role in our everyday thtnk1ng, ollen 
w11hout our being aware of 11 Forming classes and deahng with their 
re1a1,onsh1ps 1s a part of logic. bu! we can and do use logic without 
studying 11s lormal rules Indeed, logic 1s of httte prac11cal use unless 
11 becomes one part ol the way our minds react when confronted w1th 

problems These attribute ma1e11als are not m1ended to teach the 
formal 1091c ot class1t1ca11on They are one result ol a search to find 

ways 10 help children develop skills ,n lh1nk1ng which will enable 
them 10 use logical relat1onsh1ps 1n their daily hves Let us con-
sider 1he log,cal as well as 1he psychological problems ,nvolved 1n 

ca1egonz1ng 

n 
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Attributes are not tangible ob1ects 1n the same sense that blocks 
are, but rather are the properties of obiects which we have chosen 
to isolate and pay atten11on to Intellectual development consists. m 
part, ol learning to discover attributes (or categories) relevant to a 
particular b11 of the world and of learning to deal with the relat1on

sh1ps among these attributes. 

Class1llcat1on enables us to make sense o t a multitude of impressions 
and to cope with complexity wh,ch might otherwise be overwhelming; 

11 gives us l remendous menial powers we would not otherwise 
possess It i s ,mportanl to recognize that we have considerable 
lautude m choosing the attributes we w,11 use in classif1ca1ton. 

Attributmg mvolves arbi trary decisions to pay attention to certain 

aspects of experience and not t o olhers. 

If you think about the A Blocks, you wilt realize that there are many 
altnbules which could be used to categorize them but which have 
been ignored in the suggesl ed games Such attributes might rnclude 
weight , the material the blocks are made of. surface texture. the 

sharpness ol the corners. and so forth. In the11 spontaneous play 
with the pieces. children may pay attention to all these attributes and 

others whi ch we have not vaned systematically. The blocks have 
been designed so thal size. shape. and color are the attributes easiest 
to use in analyzing the set If all the blocks were the same color bul 

some weighed one ounce. some two, some four, and some eight 
o unces. then color would no longer be a particularly useful attribute 

while weight wo uld be extremel y relevant. 

The choice of particular attributes for use in analyzing experience 
restric ts the amount of information one will deal w ith. thus making the 
universe of obJects more manageable. Effec tive thinking requ11es 
skrllful choosing The categories we choose are our respons1b1hty. 
and we must be flexible and carelul in choosing as well as ,n using 

them if they are 10 serve us well 

Undue emphasis on content or concern about the " methodology" of 

•• 

logic Is not likely to be useful in helping children to think effectively 
Children can learn to talk abOut sets and subsets. unions. inter~ 
section, and negations without having the ski ll to handle real-hie 

class relations In their heads. It may be unfortunate to force children 
prematurely into sequential. analytic opttrat,ons This may prevent 

them from exposure to a mo,e challenging complexity than the 
particular one isolated for analysis and may make 1t difficult for them 
to coordinate what they learn in the most useful way 

Summary 

For these reasons, this unit emphasizes the importance of free play 

and the necessity ol avoiding sustained periods ol directed teaching 
Children should be encouraged to invent their own class1f1cat1ons as 

well as to use conventional ones The actIvItIes suggested In the 

problem cards represent an attempt to allow children opportun,ty to 
develop their talents through exposure to c hallenging bits of com
plexity which can be handled by an al1ernat1on between simultaneous 
and sequential functioning, and to become aware of !heir growing 
competence as they do so. In tree play with lhe blocks. they may deal 
with a richness of ideas and assoc1a1tons which Is not lapped w hen 
the locus Is on spec1t1c class1ly1ng allribules In classIfy1ng and 

dealmg with lhe relatlons between classes, on the other hand, they 
may become aware of a keenness and precision o l mind which can 

be vital In dissecting a complex expenence for a specific purpose 

There Is considerable evidence that a chi ld 's orientation to learning 
his habits of thought , become established early in Me and are qu,l e 
persistent The explorations w hich c hildren make w11h allubule 
materials c an provide them w1lh a model which may be useful for 
thinking m a wide variety of sI1ua11ons, a model wh,c h may help them 

become more sensI11ve to the world around them, more aware ot the,, 
own lhinkmg about 11, a model which may lead them to an increased 

confidence in their own mtellec1ual per1ormance 

-c;llilpfl:11 fHIIEE 
1.1flf wt1H CHILDREN 

The range of complexity in Attribute Games and Problems makes 11 
suitable tor chUdren from kindergarten age through 1unior high school 
- and be)'Ond. Children Just ente11ng school w ill not. of course, 
approadl the ma .. rials 1n exactly the same way as will older children. 
and thl ~ and problems must be adopted to meet individual 

situatk>nL tt .. su,-PtisIng. however. l hat some of the skills involved 
In probleffl ,olvinQ of ttus sort appear lo be relatively independent ol 

• · and aduhl may encounter the same stumbhng blocks as hve
year..ofds. for this reason. 11 1s not possible 10 prescribe in advance 

wtuch ptoblems can be undertaken by each grade level A number ot 
fjve,-year.olds may be able to do some problems w11h as much skill 

11 
moat ten•yNr-olds. w1 th1n any one class the range of ab1hty to 

cope with complexity will be great At the same time, however. 

younger Children may be less able to relate lhe1r unders1and1ng to 

other activities in school and In the world outside 

Beyond the broad d1st1nction between self-directed. mdependen1 use 

of matenals at the iumor high school level and their use in class or 
In amall g,oups under a teacher·s direc tion at earher ages. no anempt 
hll bNn made to specify ac t1vIhes lor d1llerent age levels There may, 

of course, be scope for independenl act IvIty on the part cl younger 
chitdren and for c lass or small g roup use of the materials by older 
chltdren. No hard and fast rules can be laid dow n 

Gamel and problems should be introduced to younger children 

(grades K-5) by the teacher Allhough 11 may be possible 10 present 
them to the whole class at once. wo rking with smaller groups Is 

usually most eHect1ve While one set ot problem cards !or the teacher 
ll sufficient. ,t 1s advisable to have extra sets on hand tor older 
children who may be ready to proceed independently and who may 

enjoy the challenge ot working tro m written Ins1ruc1Ions The Color 

Cubes. People Pieces. and Creature Cards can also be used by paus 

of children Students should have an opportunity 10 work on the 
Creature Cards tnd1v1dually befo re shanng their ideas with others 

When child ren have developed considerable tam1I1a11ty w11h the A 

Blocks, they can start with the other materials and later relurn to 1he 
A Blocks problems 

The amount of matenal you order for a class w,u depend on how 
you plan to use 11. It 1s recommended that this work be done ind1-
v1dually or in small groups in kindergarten and the early grades, and 
•n this case two sets may be suthc1ent tor a class II you wish to 
make these matenals available to more children at lhe same ttme. 
you should order according to the ratio ot one se1 tor each pair of 
children 

A class in which children have a real choice ot act1vI1Ies provides lhe 
ideal setttng lor Atrflbule Games and Problems Here 11 Is possible to 
introduce the materials in small groups. or even 10 the enlue class, 

and also make them available tor the ~h1ldren to use al will. At this 
age. children w1!1 en1oy playing some of the games !hat have been 
suggested by the teacher. making up new games to play with each 
other. or 1ust cxplonng the blocks by lhemselves 

In upper grades where lhe llmetable Is fleioble, the materials can be 
introduced and used in much !he same way as with younger children 
II l he classroom schedule 1s less llex1ble. !he mateuals can be made 
available 10 children to use on 1he1r own before classes begin, be
tween classes, during recess, or whenever the s11uallon permits 

Many older children (grades 6- 9 and higher) should be able to work 
directly from the cards. whether the mateual Is used with a class as 
a whole or as an independen1 activity by ind1v1dual children Many 
ot the problems require a parlner and even some thal don't may be 
mos1 profllably and en1oyably approached when 1wo students are 
working on !hem togelher For this reason. 11 ,s best to have one set 
ot problem cards and ma1enals tor each pair of students using the 

un1t 

Studen1s working alone must be free 10 pursue their own ideas T11ey 

should think of the cards as a gu,de 10 possible actIv111es, not as a 

•• 



programmed course m logic Not all students automat,cally become 
involved m this way. taking respons1b1hty tor their own learning 
partrcularly when they are accustomed to receiving detai led mstruc

tIons from !he teacher When a student appears to be proceeding too 
dutllully, following the suggestions on the cards as 11 they were 
recipes in a cookbook, 11 might be advisable to offer the cards as an 
opt,onal activity and present various problems and games yourself . 
much as you would with younger c hildren Students should also be 
discouraged from racing compet1t1vely through the problems. 

Some Junior high school teachers may wish to use Attribute Games 
and Problems as a supplement 10 their courses ,n mathematics or 

science, to provide more experience in dealing with sets or class1ftca
tIon This 1s an acceptable approach provided the emphas,s remains 
on developing skills of thought. not on turning the problems and 
games ,nto a curriculum to be followed ,n the conventional manner 

Two kinds of learning are required ot you as a teacher in using these 
materials First, you must explore your own th1nk1ng. The insights you 
gained as you worked through the problems will help you appreciate 

what the c hildren are doing . 

The second kmd ol learning will come from observing children 's 
lhmk1ng as they deal with challenging problems 1n their own way, 

from becoming acq uamted with the 1n1ellectual sk ills of your students 
and their potential lor growth 

Whde there are surely ways in whic h chi ld ren can be helped to 

d evelop m ore eftecuve skills ol thinking. these require a departure 
from conventio nal ways of teaching and Jearnmg Attrtbute Games 
and P1oblems pro vides no bu1ll-!n requirements tor study al particular 

grade leve ls fo r p rescribed periods of time, nor are there spec 1l1ed 
goals o r rates o f advancement The work should be approached 

exper1menlally, ma spmt of adventure, rather than methodically w1lh 

l he expecta11on that students should be t rained up to a certain level 

of perfo rmance that can be carefu lly measured There must be a 

•• 

sense of freedom for you and your students You should not feel that 
11 is your respons1b1hty to get every child to do every problem Chil
dren who are ready can be led on to more challenges, and you in turn 
should be ready to respond to the challenges mdiv1dual children set 

for you and for each other To insist t hat all chi ldren proceed lhrough 
the games and problems in the same way and at !he same speed 
would defeat t he a,m or the enlire undertaking II a student Is to 

develop tenacity, ii he 1s 10 take a delight in problem solving. he 
mus! be free 10 choose his own problems and his own way or attack
ing them. He must be free to change !he approach, to leave a prob• 

lem, to return to 11, to dwell on one problem for a long time, to re1ec1 

another. 

Although the cards may be used by o1der students. working 1nde· 
pendently, they have been provided primaoly as s1artIng points lor 
you , as a means of famil1ar1Z1ng you with some of the discoveries 

children have made and some of the things they have enIoyed domg 
You yourself must feel free to be guided by the cards or to put them 
as,de as the occasion requires Children are tar too variable l or 
anyone to be able to provide detailed prescnptIons tor the way m 

which this work should proceed 

Learning Is a comphcated process To help chi ldren you must be 
ready to stand back, observe what they do, and not succumb 10 !he 
temp1a11on to give that little bit o t assistance w hich could lead a child 
prematurely to a solution You mus! allow time for your own 1ns1ghts 
and yo ur awareness ol ch ildren's potonhal to develop 

You. 1he teacher hold the key 10 success m usmg lhese materials 
You must determine the best approach tor your class you should be 
sensI1Ive to each student's ab1hty and should help him discover a 

working level high enough 10 In1rigue him but not so h igh that 11 w1II 
overwhelm him With experience you will learn whon lo introduce new 
problems. when to dwell longer on one problem when to review 

and when to suggest free play 

Children whO are tamUlar with Attri bute Games should be encouraged 

10 
extend t1111ffi to other materials Here are some " attribute marbles · 

,.
1 

am thinkinO of one of these marbles. 

Wt,iell oMIIII?" 
(Htt'9 .,. .,me of the questions children asked ) 

"Doll II - propellers?"" 

1 111 11191?" 
··1111 ..,...,.. ,.

11 
M: ffllCIIUm-elled?" (The size d1llerences ~re 1ust not,ceable) 

"Doll II - ll)lrals ?"" 
"II II opoqueT' 
··1111..,.· 
''1111 cfllllfrr C90me ol them have small scratch marks on them ) 

"l1trfflllkYr 
•·0o11 111111¥1ona color? Two colors? Three colorsr 

"11 11 pileT" 
''IIM bllbblY'I" 
.. 1111 IA the flower tam11yr (One child noticed that the marbles could 

be dllllfied by the internal pattern ) 

An adult Mked, " Is 11 d iffuse or discrete?'" Indeed, the marbles 

could be ctu.sihed rather well by 1h1s attribute 

'II 

o ~• 
,_ 1Q; 

~. ) ·· .i' 

•1 
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