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PREFACE

The Elementary Science Study is one of many curriculum development
programs in the fields of science, social studies, and mathematics
under preparation at Education Development Center. Inc. EDC (a pri-
vate nonprofit orgar i rporating the I for Ed I
and Ed Services P began in 1958 to
develop new Ideas and methods for improving the content and process

of education

ESS has been supported primarily by grants from the National Science
Foundation. Development of materials for teaching science from kindor-
garten through eighth grade started on a small scale in 1960 The work
of the project has since involved more than a hundred sciontists and
educators in the conception and design of its units of study Among
these scholars have been ph i NS, engl
neers, and teachers experienced in working with children of all agos
from kindergarten through collage.

Equipment, films, and printed matorials are producod with tho holp
of stall specialists as well as the film studio, the photographic
laboratory, and the production shops of EDC. At every stage of do
velopment, ideas and materials are taken into actual classrooms,
where children help shape the form and content of cach unit bofore
it 1s released 1o schools everywhere.
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FOREWORD

Attribute Games and Problems had its beginning in about 1953. | had
been perplexed by the fact that some of the students in my fifth grade
class at Shady Hill School, Cambridge, Massachusetts, who were
most successful in dealing with new problems in fresh and creative
ways were not particularly distinguished in traditional kinds of school
work, and, conversely, other students, who were able to complete
assigned work efficiently, were quite imited when dealing with
problems which were not familiar to them. As | studied problem-
solving approaches more clouly. | became convinced that there were
very important of ‘s ing for which we had no
adequate measure. The block-sorting test which | developed to obtain
more objective evidence about skills of thought became the direct
ancestor of A Blocks and People Pieces

This experience with the block-sorting test helped me become aware
of the importance of classification in problem solving and the value
of developing skill in handling class relationships. We experimented
with many games and puzzles. One of these, which my fifth grade
class helped me develop over ten years ago. is presented here in

the form of Creature Cards.

In 1962 | had a chance to develop some of the educational implica-
tions of this work with five-year-olds. Two people were my principal
collaborators in this stage of the David i N, Nnow
with the Clevel Public Schools, observed some of my
work with children and repeated many of the activities with another
class of five-: year-olds, Anthony Kallet. of the Advisory Center,
L S| P in many of the discussions which
we had and r.onmbu‘(ed new ideas of his own such as the city-planning
game and the pattern games with the Color Cubes.

The contributions of these two people have strongly shaped the con-
tent and the style of this work A great many suggestions came
directly from the children or were suggested to us by the kinds of
things which they did with the materials

Zoltan Dienes recognized the importance of this work and gave L5
strong encouragement in its early stages.

The attribute materials were made available for 4 larger scale trial in
1964 by the Elementary Science Study. Many modifications and ex-
tensions have been made since then. Many people on the ESS staff
have helped by reporting their own experiences with these materials
and also their experiences in using them with children and with
teachers in workshops. Madison Judson, Patricia Brinson, and Charles
Ascheim, in particular, have helped me with further testing and re-
vision. Mary Lela Sherburne and Edith H. E. Churchill have been very
helpful with evaluation

A great many teachers and student teachers, too numerous 1o list
have helped us by Ieslmg criticizing, and offering alternatives Ray

of Lei y in England and Martin C Michener
have contributed their lhlnkmg on Latin Squares

Elmer W. Smith did the drawings and invented many of the names and
some of the ideas for Creature Cards

Janet Williams, Frieda Ployer, and Adeline Naiman have provided
helpful editorial assistance

Dr. Kallet has continued to assist with development. testing, and
writing. His i 1S have inf| the progress of the work
strongly.

William P Hull
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INTRODUCTION

Attribute Games and Problems s with the P 1t of
thinking skills in children. It provides an opportunity for children to deal
‘with p q 1and the

classes. Experiences with such problems can help provide the familiarity
and the skill y for solving p! in science, social studies,
.or and dealing with the relations

between classes are called for

Attribute Games and Problems includes a variety of materials: wooden
blocks and cubes, plastic squares with pictures of people on them,
colored loops and label cards, a set of Creature Cards included in a set
cards which some of the which are possi-
le, attribute stickers, and a teacher's guide for the use of the matenals.
Included on the cards are suggestions for games and activities simple

gh for most f y Ids and enough for anyone. Older
students who are going to work directly with the problem cards should
“begin with the card Suggested Games and Problems

These activities are not linked to a particular subject in the curriculum
or to a narrow range of ages. The activities need not involve an entire
class at the same time nor do they require an entire class period. They
can be used during regularly scheduled classes in science or other

- Subjects or more freely between classes or at other times during the

- school day.

Attribute Games and Problems has grown out of a long-range study of
~children's thinking in and out of the classroom and a continuing analysis
of their ditficulties and successes in a wide range of intellectual under-
takings. There appear to be thinking skills and attitudes toward problem
solving which are relatively independent of subject matter Some chil-
dren acquire effective thinking skills and a useful orientation toward
learning in the normal course of growing up in a complex world, but the
acquisition of useful skills and attitudes is by no means automatic, even
“under conditions which most people would regard as favorable. Many
children succeed in school by repeating what they are told in a shightly

difterent form or by pure memorization Such strategies may be etfective
for meeting curnculum requirements, but they are often of little ex-
tended value It has seemed to us that at present relatively few children
develop persistence and zest tor dealing with new complexities nor do
they become aware of their own intellectual power

The results of our investigations tend to confirm a suspicion we have
had that some important intellectual skills depend tar more on the kinds
ot expeniences a child has had than they do upon his age or grade in
school. Itis for this reason that in Attribute Games and Problems the
same matenals are used. though in different ways. from kindergarten
through eighth grade and beyond

senes

Chapter 1 of this teacher's quide consists of reproductions of
of cards describing games and problems. together with & commentary

on the cards which suggests alternatives and extensions for use with
children of different ages These same cards are printed separately for
use by students at the junior high school level or to serve as reminders

of possibilities for teachers working with younger chiidren Perhaps the
bestintroduction to Attribute Games and Problems would be to attend
aworkshop in which you would play some of the games suggested here
using Color Cubes, People Pieces, A Biocks. and Creature Cards Before
you use these matenals with children you should have an opportunity

to play some of the simple and the advanced games yourself so that you
will have a sense of the range of possible activities

Although many of the games and problems suggested in the cards can
be played with younger children, do not expect them to approach the
problems in just the way you have done them Some of these cards en
courage analysis which would be premature for younger children in
working trom the cards you should be concerned with your own think
ing, not with how you are going to present these problems to your class
It will probably be more helpful to you to return to the commentary at a
later time than it will to read it when you are exploring the cards tor the
firsttime Some of the games call for two peopie so working with a part-



ner will probably prove helpful. Some of the problems will prove chal-
lenging. You may wish to work on them over a period of several days or
weeks.

If the full p card pp too for or if you do
not have time to complete all of it before beginning to work with chil-
dren, you can make a selection of the cards which would serve as a
briefer form of i One such is as z

Creature
Cards

People

A Blocks  Color Cubes Pieces

1-5 1-4 1-8 1-7
11-12
16-21
23
25
27-31

work with will require you to have in mind many
ideas from which you can work, not just a few which you try outone ata
time. One of the best ways of If with these ma
is to play the games at home with other adults or with members of your
family. Many people have found that they make rather good parlor
games.

Please read the instructions on problem card A Blocks 1 before open-

ing the box containing the A Blocks.

Materials

You will need to order four separate items for Attribute Games and

Problems:

1) The basic package which contains three sets of boxed materials:

A Blocks - 32 wooden blocks, all different; 6 colored cord loops; and
20 label cards and 4 blank cards

Color Cubes - 60 wooden cubes in 6 colors

People Pieces — 16 square plastic picture tiles, all different, and 8 label
cards

2) The set of problem cards which includes the following

a cover card

a card with general directions

39 problem cards for use with A Blocks

17 problem cards for use with Color Cubes

16 problem cards for use with People Pieces

15 Creature Cards, which form an additional set of materials

3) The set of gummed stickers which can represent A Blocks and Color
Cubes for mapping problems and making puzzle cards

4) The teacher’s guide, which includes a replica of each of the problem
cards and a commentary on their use with children, and also offers

background information on the learning processes involved in work with

Games and f

CHAPTER ONE
COMMENTARY ON PROBLEM CARDS

‘When you have worked through the problems presented in the cards,

' you will begin to sense some of the possibilities which these materials
open up. It may surprise you that some of the problems have been found
appropriate for use with children as young as five. The commentary in
this chapter will discuss the games and problems and indicate ways in
which they may be presented to younger children. We will also discuss
uses with older children, although it is our experience that aimost every-
thing we suggest for younger children applies to oider ones if a teacher
uses common sense and is aware of appropriate forms of presentation

The cards in this set have been numbered simply for purposes of
reference. The numbering should not be taken to mean that there is any
fixed sequence for working through the games and problems. while we
have suggested starting with the generation of the set, we have begun
with a matrix game with equally good results. Certain cards may not
prove to be particularly useful starting points, but as you work with the

" materials yourself, you will undoubtedly sense which activities provide
good introductions. Our discussion of the cards follows the order in
which they are numbered, butitis important for you to keep in mind the
As you work with children on a par-

for rearrar
ticular problem, it may occur to you. in the light of your familiarity with
'the entire range of games, that a useful nex! step might be a game which
occurs well along in the series. Feel free to expernment with different
orderings and encourage the children to do likewise

In general it is best to begin with the A Blocks problems and games. This
does not mean that all of the A Blocks cards need to be worked through
before going on to People Pieces, Color Cubes, or Creature Cards
it may be desirable to intersperse some of the latter among A Blocks
games.

In the development of these materials we have found ourselves referring
to various kinds of problems by name. but we have refrained from apply-
ing our own set of names to the cards. since names should arise after

one is familiar with that which 1s being named You and the children may

well develop your own set of names for the varnious activities There are
certain broad classes of attribute activities, such as sorting, mapping
loop games, take-away games, question games, pairing games, and 50
forth, but these terms may not be the ones you and the children feel
most at home with, and we mention them merely as suggestions

These games can be played in many different ways you may choose (o
play with an individual child or a group of children two or more chil-
dren may use the matenials off in a corner. a number of children may
play among themselves with you on the periphery making suggestions
or taking part as the situation seems to warrant We have founad t
when an adult s playing with children it is often useful to  turn the
tables. ' to have the children present problems for the adult ‘o

Children gain skill in setting pronlems for one another They become
adept atinventing games and problems of their own [t may also be
valuable for them to discover that they can upon © on inven

problem which presents a real challenge tc an adult Anctnergp
advantage in changing roles now and then is that do'ng so may give y
achance to judge how much insight achild has gained into the nature
of inventing and setting problems. In making up a matrix pr
(Cards 19 and 20). for example a child may take away so
that the matrix cannot be reconstructed. and this can be a point

discussion. The main value of allowing children to set problems for ye
however, is that it may lead to a greater sense of partnershio
mon endeavor

learning



A Blocks 1

Do not open the box before reading this card.

Xeep the box of 4 Blocks Closec and hokd 1t undemesth your Gesk of
some place Ot of SIGht WIthout I0OKing at the DOX. remove the cover
taxe DUl The COMDMEC 100PS anc Ihe Cards and set them aside Then take
one of the Biocks out of the Box and look at

Can you Gescride @2
Can you tefl whnat another block wil Jook like?

Tase Cut ancther BIOCk and place it next 10 the first one

What eise i in the box?

Take Out the preces One at & bime and place them i front of you Each
Brme you remove One try 10 burid U 2 mental picture of the posSidle

remanng peeces When you have taken OUt twelve Dreces in this way.
see @ you Can name the rest

How many pieces do you think are left in the box?

Now ook = the Dox
Dxc you guess the nght number?
Were you able 10 hgure out what the preces look like™

COMMENTARY: A BLOCKS 1

Most children greatly enjoy the process of “'generating’ the set. Older
students can be given a set of problem cards and a box of A Blocks and
allowed to proceed on their own, just as you have done. Younger chil-
dren will have to be introduced to the set in another way.

The ing ioisan of thep in
classes with g il This of pi ing the pi
can be used with an entire class or with smaller groups. No matter how
big or small the group you are working with, be sure the pieces are
placed in full sight of everyone as they are brought out. Proceed in a

i ion, giving the chil plenty of time to think about what
they are seeing. In this way, even five-year-olds will be able to predict
what s in the box.
Teacher:

(Holds up the closed box so everyone can see it, then shakes it a few
times.) What do you think is in this box?

Child:
Stones?
No, not stones. Listen. (Shakes the box again.)
Buttons?
No, but some of the things are shaped a little like buttons.
Balls?
No.
Candy?
No.
Wood?
Yes, all the pieces in the box are made of wood. Here's one of them.
(Puts large blue square on the table or floor where everyone can see
it.) What else do you think there is?

dodorodo

10

C: Do you have another one like that?
T: No, that's the only one just like that.
C: Is there a different color?

T: Yes. Here's a yellow square.

C: Isthere ared one?
T: Yes. (Puts out large red triangle.)

H A

C: (Points to the red triangle.) / want a blue one like that.
T: Here's a blue triangle.

C: Is there a different shape?

T: What shape would you like? (Puts out a large blue diamond.) What
shall we call that?

C: Adi . Iwant
T: What color would you like?
C: Red. (T putsit out.)
A red square. (T puts it out.)
Another diamond. (T puts out a green one.)

At this point children usually see that there should be a green square
and a green triangle. If they run into trouble calling for pieces, you might

arrange those already out according to shape

AA BN

or color

'Y 4

'V & V 4

orin a simple matrix

AR

Let the process of generating the set take its time. If a child simply asks

for “ared” you cansay ‘What shape would you like the red to be?
Similarly. if the child asks for a certain shape. ask him for the color

You can control the amount of information you give by the pieces which
you put out. Suppose only two pieces are out — large red square and
large red triangle —

A

and a child simply asks for ‘another piece If you produce a large
yellow square,

the child will know that squares come in yellow as well as in re
may possibly infer that there 1s a yellow tnangle in the set
a large red circle.

the child will see that there is another shape if vo
red circle

the child will learn there is another shape ana anott er sz




New information is probably best introduced gradually. It may be worth
delaying the introduction of the small pieces until five or six of the large
pieces are on the table. Of course, if a child specifically asks for a small
piece, or for “‘another yellow triangle,” you will be forced to bring a small
piece out sooner.

Seeing the first small piece that matches a large piece already out can
be exciting and may be followed by a burst of requests for small pieces
to match the large pieces on the table. One reason children often find

ing the set sti ing is that it reveals clearly to them their
ability to think of things they have not seen. Although delighted with
their skill, children will not realize that they are handling a complicated
system of logical implications.

Children will often want—and should be encouraged — to follow this
kind of introduction to the A Blocks by a considerable amount of free
play on their own. Besides being fun, free play also leads to a familiarity
with the set whichisa p i for later activities.

Young children may not be able to name the pieces immediately. Some
five-year-olds may be learning the names of the shapes for the first time,
although most will know the names of the colors. In naming shapes and
sizes, children are apt to be quite redundant—the circle usually gets

the most ] simply there are so many good
names for it. One five-y id, ggling fora label, came
up with “Little round small red wheel!"”

At this early stage chi should be wide lati in their

choice of names. To avoid you should
name for each size and shape, and use it consistently.

y settle on one

After generation of the set and some free exploration, playing the follow-
ing game will give the children some practice in naming the A Blocks:

Put all the blocks out where everyone can see them. Name a piece, then
ask a child to point to it. At first, children who are just learning to coor-

12

dinate the three classifying attributes of each piece will find it easier to
point to the piece than to supply its name. (In our trial classes we gen-
erally named the pieces in a standard order—size, color, shape —and
the children usually adopted this sequence. However, “‘red-circle-small
is just as acceptable as “'small-red-circle” and need not be corrected.)

Play this scanning game and any variations you or the children can think

of. For let the chil take turns out and naming the

pieces. As they play with the blocks in this way, children learn the names

of the pieces quite spol y, often ing each other. Some

children, however, may need your support or guidance. In helping a

child, it might be wise to back up and start playing the game with him

from the beginning:

T: Show me a large green square.

C: (Points to a small green square.)

T: That's green and it is a square, but is it the large one? Can you find
the large green square?

We feel that it is important to work with the full set of blocks. You might
be to si ify the p of learning to name the pieces by
concentrating on just two shapes or two colors. We believe, however
that children need, and can deal with, the complexity and challenge of
the entire set.

After playing these games with the children, encourage them to re-
hearse, repeat, and extend their experience through free play

A Blocks 2

Take out all the pieces and see what you can do with them

How many ways can you build with them?
Can you make an unusual construction?

What do you think a ‘usual” construction would Iook hie?

COMMENTARY: A BLOCKS 2

Itis important to follow the first problem with free play and, indeed,
children should be encouraged to return to free play often. There is no
need to make a distinction between work and play. The A Blocks usually
make a strong perceptual impact; the colors and shapes are attractive
and invite If the work cap ‘s interest and stimu-
lates their imagination, then it is play, and they are learning from it

A Blocks may lend toa kind of play use
‘than do standard kindergarten building blocks. In one way A Blocks may
‘seem limited as building units, for there is only one of each kind of
piece; it is not easy to construct elaborate castles because there are
limited numbers of each shape out of which to fashion walls and towers.
Building size may be limited, but the variety of structures which can be
created is not. Each of the A Blocks is unique. One advantage of this
uniqueness is that children may be led to explore the exciting world of
asymmetry: even if a child builds symmetrically with respect to shape,
he may notice that his structure does not have color symmetry. We have
often noted that in their free play with A Blocks children begin rather
conservatively with shape symmetry, and, as they grow familiar with the
materials, become more audacious in exploring asymmetrical
construction

Despite the endless alternatives for building with the blocks, a child
may repeat the same basic pattern, perhaps with minor variations_ If
he favors certain constructions, try, after a while, to interest him in
making something ‘new.’' something unusual orsomething ‘that
has never been built before.

“Several children working around the same table may stimulate one
another. There may be much copying. but this certainly should not be
discouraged A child may start out by imitating but he will probably end
up making modifications and changes of his own

Unusual Constructions




Two pieces of cardboard interlocked at right angles like this can form a
serviceable screen for two or four children.

Line of sight observation

Another way to encourage innovation in building is to suggest that two
children divide a set of blocks between them and build something on
opposite sides of a screen.

Children often derive consi pl from building privately
and then pulling the screen away to reveal their “‘surprise,” or standing
up and looking down on the other constructions.

A turntable such as a lazy-susan or an artist's modeling stand can be a
most effective accessory to building activities. A large board —a three-
foot square of Masonite, for example — placed on the turntable provides
much more room for building and dramatizes changing relationships
of the pieces as they are rotated, especially when the child's line of sight
is level with the buildings. As the structures are rotated, they change
continually in appearance and relationship and so become even more
fascinating.

After creating interesting designs, children may begin to use the blocks
as a basis for involved fantasies. They may represent buildings, people
animals, spaceships, and so forth. The liveliness of such fantasies will
often be sustained if the children are left alone to play freely. without
any requirement that they analyze or interpret.

As he builds, the child is, in a sense, experimenting with symbol systems.

systems of representation. He needs time to devise these for himsel!
and to become aware of his own powers to do so. Our experience with
children suggests that free building, free and imaginative use of these
materials, may be related to the ability to appreciate and use such arb!
trary symbol sy as language and matt ics in later education
The child who has had ample opportunity to create systems of his oW
may be better prepared to explore those presented to him in problem
solving situations.

A Blocks 3

Choose a shape Take out all the pieces that have this shape even 1hough
their colors and sizes are different Build something or arrange the pieces
in some orderly way Ask someone 10 remove 4 piece {rom this group

or 10 add one to it when you are not looking

Can you tell what piece has been taken or added?

Choose a color Take out all the pieces of this color even though their

shapes and sizes are different Build something or arrange these pieces

in an orderly way Ask someone 10 take add. or move a piece when you |
are not looking

Can you tell what has been changed?

Shape and color are called attributes of these blocks.

COMMENTARY: A BLOCKS 3

This card introduces the students to two activities that recur throughout
the problem sequence: classifying by attributes and identifying a piece
added to or removed from a subset (group). Students form subsets and
play take-away games to become familiar with the attributes color.
shape, and size, as well as with different ways of classifying the pieces
in the set. Those working directly from the card should work with a part-
ner, alternating turns in the take-away games and making up variations
‘of the suggested activities.

Younger children can be introduced to the attributes shape and color

" and to orderly arrangements quite naturally in a free-play situation. After
| two or four children have been building freely with aset ot A Blocks for

a while, you might ask them to share the pieces equally Iftheir method
of dividing the set is random at first, see if you can get them to think of

. more systematic ways of sharing the pieces Four children may do this

. by color, each child taking all the pieces of one color. or by shape. Two

There are several ways of introducing the take-away game For example
ask one child to close his eyes or to turn around while you, or another
child, remove or add a piece. Another way Is 10 slide a piece of card-
board between the child and the array of blocks in tront of him and then
remove or add a piece. Initially you may want to take turns playing with
the children: afterwards, they can play this game (or any other they
think of) with a partner.

Take-away games may be difficult at first for some children Perhaps the
easiest way to introduce them is to encourage 4 child who has all the
pieces of one color to place each small piece on top of the correspond-
ing large piece. When a single piece Is removed from such an array. 1t1s
quite easy to identify what is missing Two pieces at a time may then be
removed. Finally the eight pieces can be sc rambled and &
removed

piece

=
children sharing a set can each take two colors, or two shapes, or one -
" child can take the large pieces and the other the small ones. ?

A




A Blocks 4

Put all the large diamonds into one group and all the small diamonds
into another Make a group of the large triangles, and a group of the
smail tnangles Do the same thing for the circles and the squares

You now have eight groups. four groups of large pieces and four of small
preces (You can also say ihat for each shape you have a group of large
pieces and a group of small pieces )

Bring all the large pieces together into one pile, and bring all the small
pieces together into another pile The A BIOCKS set is now divided into
two groups according 10 size

ape. and

| Size, like color and shape. is an attribute of this set. Size,
color are the three attributes we use 1o describe the A Blocks.

A Blocks 5

One attribute of this set is shape. Using all the blocks, make groups
(subsets) so that each subset contains only pieces of the same shape.
large and small. You will have a subset of all the triangles, a subset of
diamonds. a subset of squares, and a subset of circles Triangle. diamond
e called values of the attribute shape

square. and circle,
What are the values of the attribute color?

What are the values of the attribute size?

You may want to make a table like this (do not write on the card)

Attributes values
Shape ? ? ? 2
Color 2
Size 2

COMMENTARY: A BLOCKS 4

Size is an attribute many students find troublesome in working with A
Blocks; color and shape distinctions are clear and absolute, but size
comparisons are relative. There is, in fact, a great deal of variation
between pieces within the two size groups. Older (or more analytic)
students may point out, for example, that two small triangles are the
same size as one small diamond and, similarly, that two large triangles
will just cover one large diamond.

Students may be encouraged to check the relative weights of the blocks,
as we did. (In weighing one set, we found the small diamond slightly
heavier than the small circle, but the large circle was heavier than the
large diamond.)

With accurate measurements, your students may be able to find eight
different values for the attribute weight, two or four are more likely.
Investigations of this sort can be very useful, especially in helping older
students understand that classification by three attributes represents an
arbitrary decision to pay attention to certain features and not to others.

COMMENTARY: A BLOCKS S

To communicate clearly it is necessary for us to make the distinction
between attribute and value. One way of looking at the distinction be-
tween the terms is to think of them as representing different levels of
abstraction. The word *color' is more abstract than the word “'blue
because “color” refers to all possible colors, while “blue’ refers to =
limited portion of the spectrum; so in this case "‘color is the attribute
and ""blue’ is one of the values. The relationship between attribute and
value is, however, strictly relative. For example, suppose one were deal
ing with a large group of objects of different shades of blue. but al' of
them blue. One might then refer to blue as an attribute of the particular
group, and terms such as ‘‘sky blue,” “'light blue,”” and "'navy blue’
would be values. Few will be with this disti but
those at the junior high school level may be able to grasp the implica
tions of their experience with these materials and to extend the idea
attributes and values to other situations. By the time your students are
working with Creature Cards, they will be inventing attributes and val
for their own “creatures."

Especially with the younger children you should look for chances t©
the value and attribute names informally, playing games and talking «
the children:

Which color would you like?

Choose a shape . ..

Do you want the circles or the diamonds?

Which size would you prefer, large or small?

Your consistent use of the terms will help the children learn them natu
ally. Although they may start using these names quite rapidly. it would
still be a good idea to check them occasionally and to help those who
do not seem to understand.

t

Here are three blocks.

y &

low are they alike? How are they different from these?

~y o

Can you think of one word that will describe this difference?

The child who is still in doubt should be shown some pairs that differ in

only one attribute

shape)

(Ditterent

X

(Ditterent in size)

(Ditterent in color)

If the child is encouraged to find one word for each of these differences,
he will soon become quite familiar with the attributes we are using

Our title, Attribute Games and Problems, may prove helpful in familiariz-
ing children with the word, whether or not they fully understand its
meaning. There is no need for children to memorize or repeat any of

the words used in these activities. what is important is that they feel at
ease with the ideas the words imply

A Blocks 6

Arrange the set of blocks into subsets (groups) 5o that each subset
contains only those pieces that have the same color and the same shape
How many subsets are there?
How many blocks are in each subset?
How o the pieces within a subset differ from each other?
Do you have a group of yellow diamonds?

Can you name the other groups?

COMMENTARY: A BLOCKS 6 AND 7

Like the words attribute and value, the terms set and subset are useful
in ining the p: s presented. Set, of course, is a com-
mon word —although it requires, in all its uses, aimost two full columns
in Webster's Unabridged Dictionary! Most children understand its use
in expressions such as a set of dishes or a set of blocks. older children
may have been exposed, through one of the new mathematics pro-
grams, to expressions such as the set of all the children in the class or
the set of all the animals in the United States

Younger children will benefit from counting the members of various
subsets:

How many small reds are there?

How many large triangles?

How many red squares?

Are there more large circles or more small reds?

Questions of this sort require the children to identify members of sub
sets as well as to count them. While this may be ditficult, it 1s worth
spending some time on because it can lead to a greater awareness of
the abstract nature of number

Attributes and values are abstractions. We cannot point sut 3
or “ayellow’ without naming the concrete object associated w
characteristic. Number is even more abstract because it 1c 1ot « proper
of an object, but of a set of objects. In learning mathe
of sets, therefore, should precede the study of num
cation and counting are combined many children n
stract nature of number more easily For this reason
tions presented here may be particularly relevant
learning mathematics.

Two-Attribute Subsets
Card 6 calls for subsets of pieces alike in
is similar except that it explores subsets of pieces alike lor a

sth color a
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Arrange the DIOCKS in Subsets SO at Tne Deces 1 e3Ch suDSeT are akke
= cotor and sze

rHow many sutsets are tnere”

How many DIOCKS are there in each subser?

How G0 the Biocks withen 2 subset Gifter f7om One another?

Can you thenk of 2 name for each subset”

Croose 2 Gitterent combnation of two afirbutes and try 1o answer
these questions agan
s there ancther ComEunation of Two aTrbutes you have not tred? |

A Blocks 8

Choose 2 value (a particular color. 3 shape, or 3 size)
Make 2 subset of all the preces having this valve.
Choose 2 vaiue of 2 different attnbute. and make 2 subse! of the Dieces
having this value
Take from these two subsets all the pieces that have both the values you
have chosen

How many pieces were in your first subset?

How many pieces were in your second subset?
| How many pieces share both values?
Can you form 2 subset contaming a different number of preces by
choosing other vaives?

size, and in shape and size. The problem of grouping blocks by two com-
mon il may be ing at first iti asequen-
tial process, a continual shifting back and forth between two ideas. Once
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This problem requires a shift in focus. The student is asked to consider
i of values instead of combinations of attributes

two blocks are matched correctly, however, the rest of the

should fairly i rard.

It may help to have children focus on the one difference between pieces

rather than on the two common properties. That is, it may be easier to

say (or for them to think), “These are different only in size"" than to say

(or think), “These are alike in color and shape.”’ Shifting back and forth
the use of itive i and the use of negative infor-

Those familiar with sets will recognize that this kind of classification
results in sets comprising the intersection of two values. The subset of
red blocks contains eight pieces. The subset of circles also contains
eight pieces. The intersection of the subset of red blocks and the sub-
set of circles contains two pieces, the red circles.

The subset of small pieces contains sixteen blocks. The subset of
ins eight blocks. The intersection of the subset of smal

mation is a valuable skill. For this reason the cards g
1o focus on differences as well as likenesses.

Until young children have become quite familiar with the individual
attributes of shape, size, and color, they will not easily be able to deal
with these problems. Here are some questions you might ask to deter-
mine whether particular children are able to deal with two attributes in
combination:
Can you arrange the blocks so that each subset contains only pieces
of the same color?
Can you group the blocks so that the pieces in each subset are all the
same shape?
Can you divide the set of blocks by size?
How many large circles are there?
How many red diamonds can you find?
How many pieces are yellow?
How many green blocks are there in this set?
How many of the pieces are triangles?
Count the number of small pieces.
Count the number of large pieces.
If John takes all the red pieces and Ann takes all the squares, who will
have more pieces?
(You might follow this by asking, Who gets the large red square?)

pieces and the subset of squares will contain four pieces, the small
squares.

Fory g i a g game similar to that suggested at
the end of the commentary for Cards 6 and 7 may be helpful

A Blocks 9

How many Dwces are there -~ te suser?

Form a subset of &l the peeces w! are etrer arge rec The suTset
[ s Contan 3% the 'arge peeces and al e reds

' How many pueces are there in thes sutset

Can you el without using the DIGCKS Row Many peeces Mere wouid be
11 3 subset formed of Dreces whch are
Estrer trangles o« green?

Ertner smail or tive?

MMENTARY: A BLOCKS 9

rd 8 deals with intersections. Cards 9 and 10 deal with unions. An
itersection of the subset of diamonds and the subset of yellows con-
ns two blocks, the yellow diamonds. The union of the subset of
diamonds and the subset of yellows will contain all eight diamonds and
I eight yellow pieces. Since two of the pieces are both diamonds and
llow. there will be fourteen pieces in the union.

though this problem and the one on Card 10 are likely to be challeng-
for younger children, those who have had ample time to become
)quainted with the blocks may be able to follow such suggestions as,
*Suppose this box can have pieces that are either red or circle. Which
ines will go in it?"" It may be necessary to repeat the problem in a slightly
ifferent form before the child understands what is intended. Red
Pieces can go in this box and circles can go in it too. How about this
piece?Isitred?Isitacircle?”

A Bilocks 10

wce Pt

2 2 the peeces T

thar are mor peow

Practice tha snc of Game unt easy tor you

COMMENTARY: A BLOCKS 10

A piece which is erther red or circle may be red. may be acircle. or it
may be both red and a circle (In everyday usage the words either ang
‘or’ are sometimes used to mean one or the other but not both as for
example. ' You may have either a lollipop or an ice cream cone  Here
“either red or circle” specifically includes the piece which s both red
and acircle.)

The ‘not-circles”” which are removed from the unicn of the
andthe red setare all red The "'not-red pieces removed from
are all circles. This iIdea may be confusing to students 1l t
repeated the game a number of times. Many younger ¢

intrigued with this kind of puzzie when you present 2 ut
feeling the need for anaiysis

Itis not especially important that students learn the ‘¢
intersect:on Itis important, however that they have a [
work with these contrasting situations

In presenting this problem verbally i1t is misieading to
box either the red pieces or the circles E
make The idea which should be conveyed ha ANy ©
either red or circle can go in the box
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Can you answer the following questions without looking at the pieces?
How many red pieces are there? |
S — «
How many small pieces?
How many large circles? ‘
How many small yellow pieces?
How many large biue diamonds?

{ How many green squares?
How many non-red circles?
How many non-square blues?

| How many non-large triangles?

How many non-circle, non-yellows?

A Blocks 12

Group the blocks in subsets by color Ask your partner to choose a color
subset and make a building or a design with these blocks Can you
[ make a similar arrangement with a subset of another color?

Start again and group the blocks by size Ask your partner to build
something with the large blocks. Can you make a similar arrangement
using the small blocks?

Start again and group the blocks by shape. If your partner builds some-
thing with two shapes (for example, all the squares and all the triangles)
can you make a similar arrangement using the diamonds and the circles?

These games involve a kind of map-making in which one value stands
for, or represents, another value of the same attribute

COMMENTARY: A BLOCKS 11

Students who are working directly from the cards may write the answers
to these questions on a separate piece of paper and then compare their
results with the results found by others who have done the same things.

The analysis of this problem is fairly straight-forward. Since the thirty-
two pieces in the set are divided into two values of size, there must be
sixteen pieces of each value; that is, sixteen large pieces and sixteen
small ones. There are four values of color, so there are eight pieces of
each color, and the same is true of the values of shape.

Choosing a size results in a subset half the size of the original set (V2

x 32). Choosing a color or shape resuits in a subset which is a quarter
of the original set (Vs x 32). If you choose pieces which are alike in both
color and shape, that is, if you combine the value of color and the value
of shape, you will have a subset of two pieces (Vs x ¥4 x 32 = 2). If you
choose pieces which are alike in color and size, or in shape and size,
there will be four pieces in each subset (Va x 2 x 32 = 4).

Younger children, for whom such an analysis may be inappropriate, may
be able to answer the onthiscardi y. Those who have
trouble can easily count the pieces to determine the answers.

COMMENTARY: A BLOCKS 12

This card introduces the idea of representation, of mapping. Students
soon learn that color and size ing are y simple.
while mapping shapes may p amore 1. Here

are some good games for children in the earlier grades as well as for
older children.

Color Mapping

that the make color As many as four children
can play this game with one set of A Blocks, each child using a different
color. One child builds something wuth his subset and the other children
try to copy it. This task
building being copied to the copy and back again.

of from the

Some children may not be able to copy a completed building. You might
want to vary the game so that the first child puts his blocks in place one
ata time and the others follow suit, piece by piece.

Children may, at times, prefer mapping their own buildings rather than
those of other children.

It two children play, they can divide the blocks so that one child has all
the blocks of two colors and the second child has all the blocks of the
other two colors. If the second child copies a building made by the first
paying attention only to the shape and size and using color randomly

he will have made a size and shape correspondence without making @
color map.

<«m an

Random color usage with shape and size correspondence.

Varioties of color mapping

If he uses his colors systematically to represent the colors used in the
building he is copying, he will have made a size and shape cor

Shape Mapping

ence and a color map.

Color mapping with shape and size correspondence. (Biue s mapped by green and rec s
mapped by yellow )

'Children may produce a mirror image of the original building. If they are
encouraged to explore, they may realize that there is a difference be-
tween mirror mapping and direct mapping

~ Size Mapping

If one child has the small blocks and another child has the large ones.
scale will be introduced into the mapping games. When the children

1 map by size, they frequently set up color and shape correspondences
the first child builds something involving large blocks of various colors
and the second child tries to duplicate it with small blocks in the same
color pattern

EE
A\
®

Size mapping with co/or and shape correspondence

All of setting up representational systems a road map
represents a network of roads and cities. an architect's plan represents
certain features of a house: large A Blocks are used to represent small
ones, or vice-versa: one color represents ancther. In shape mapping
and in size mapping the representation is distorted because the form or
the outline of the map differs from that of the onginal

v
&
&

Shape mapping with size anc
Squares are mapped by damo

Children may fee! a need to shift from the
in shape mapping For example, it a
placed upright one upon ancther. a sc
be made with circles or triangles if the




the table. It is valuable for children to experience many variations in
representation and to begin to get a feeling for how a change in value
will affect the process of representation.

There is an interesting game that can be played with any one of these
mappings. One person looks away while his partner exchanges one or
more pairs of pieces in the construction or its representation. The first
person then changes either arrangement so that the map is still correct.

Mapping With Attribute Stickers

Children who have learned how to copy a building by using one set of
pieces to represent another set will be ready to use the attribute stickers
to map what has been done with the A Blocks. The children can build a
“‘city" with the blocks and then map what they have done by sticking the
pressure-sensitive stickers onto a sheet of paper.

Another way of proceeding would be to start with a map of attribute
stickers and to have the children build a city to correspond to this. They
may wish, at first, to place the A Blocks which correspond in color,
shape, and size on top of the attribute stickers. The next step will be to
slide the map out from under the blocks so that the “city” and its map
will be side by side.

No matter which way the city-mapping is started, you will now have a
block city and a sticker city which maps it. To help children focus on the
relationship between the two, it is helpful to suggest that a child ““take a
walk’" with his fingers through the block city while another child follows
each step through the map made by stickers. When children are able

to see the connection between the block city and the sticker city, you
can challenge them to rotate the map and continue the walk from point
to point.

It may be fairly easy for children to shift attention back and forth between
the block city and the sticker city when the two are oriented in the same
way, but many will be confused, at first, when the map is rotated 90° or
180°. Many of us have trouble with the problem of direction in mapping.
If you pose a series of problems in rapid succession, pointing to different

positions in the city or on the map, many children will learn to find their
way around quite easily, even though the map and the city are not
inthe same ion.

Three sizes and six colors of shapes are supplied in the attribute stick-
ers. Two of the sizes correspond directly with the A Blocks. The third
size is a step smaller than the small pieces of the A Blocks set. Size
mapping can be set up with the stickers by using the smallest stickers
to stand for the small A Blocks pieces and the medium stickers to stand
for the large A Blocks pieces.

Ifthe A Blocks pieces are placed on edge, it will be necessary to cut the
sticker material to obtain pieces which correspond to the base area of
the blocks.

Puzzle Cards Made With Attribute Stickers

There are many possibilities for making puzzle cards using the attribute
stickers by themselves. You may wish to make up some of these for your
own students, or your children may enjoy making up problems for each
other.

If you plan to use all three sizes of the attribute stickers, you will prob-
ably wish to mount them on tagboard or some form of card stock. Sheets
that are 872" x 11” would be a good size for this. These could be used by
individuals or small groups of children or they could be displayed on @
bulletin board. If you wish to have a smaller set, 5" x 8" filing cards could
be used. In either case, the missing pieces could be changed from time
to time, since the pressure-sensitive material can be reused several
times. It is also possible to stick the missing piece to the back of the
card so that the puzzles are self-checking.

The range of difficulty is so great and the kinds of problems so varied
that we are supplying suggestions and materials for you to make your
own cards in collaboration with your students. There are many cards

which will be appropriate for most five-year-olds. Others will be chal-
lenging for many grown-ups.

Many teachers who have played the games and worked the problems
suggested in the problem cards have reported that there are so many
possibilities with the A Blocks that they have a hard time remembering
things which they would like to introduce to the children. The puzzie
cards can serve as useful reminders of problems that are appropriate,
as a record of the kinds of things which have been done, and as a means
of assessing what children have learned and diagnosing the difficulties
they may be having. We are di of puzzle cards
in the places where they are related to problems discussed in the text.
There is no necessary order for these. You will soon get some sense of
the order of difficulty when you make up cards of your own for your
students.

In many cases the line between a problem that is easy and one that is
too difficult to solve is a very narrow one. Students may find that puzzles
too difficult to solve in card form are readily solved when the same
problem is presented with blocks which can be moved about. Students
who solve problems easily from these indicate clearly that they know
what they are doing. Those who have trouble show that they need to
have the problem presented in another way. perhaps with the A Blocks
instead of the stickers. They may need to try related problems instead,
or go back to an earlier level so that they can gain skill through practice
and develop confidence in what they are able to do

Mapping With Puzzle Cards

Color-mapping, shape-mapping, or pping pr all p
interesting possibilities for puzzle cards. Any of the illustrations on
page 21would serve as a good basis for a puzzle card. All that
needs to be done is to copy these arrangements with the colored
stickers and to leave out one or more pieces from either part of the pat-
tern. There are a whole range of puzzle cards which would be appro-
priate for five-year-olds who have played mapping games with the A
Blocks. The same type of problem becomes more challenging if two
kinds of mapping are done simultaneously or if mirror mapping or
rotations are included.

T Aw
@ > °z
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Color and size mapping. shape correspondence

Shape and color mapping, size correspondence.
Oftentimes children will spontaneously make mirror maps

Mirror mapping: blue is mapped by yellow and red by green butone
figure is the mirror image of the other

“
we '~

Color mapping — muror

This is a case of size mapping which has been done directly except that
one figure has been rotated

Mirror mapping and rotations provide interesting variations and
challenges.

%

Size mapping with rotation
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Take 3 the yeiicw NG & the Green CirTies anc Clamonds and arrange
hese eight DIOCKS 17 SOme Orderly way One of these preces <

ot yerow

not 2 aiamond

~ot sma

Which prece s 7

Another piece i the set s not large. s & Gircle. and 1= not yellow

Whach prece is thes?

Notice that in these examples some values have been stated negatively — it
s POt yellow — while Others have been stated positively — it /s a Circle.
Try this game with a partner. Take turns asking about different com-
Dnations of positives and negatives.

Can you piay the game without looking at the pieces?

COMMENTARY: A BLOCKS 18

The game introduced on this problem card can be particularly helpful
in the and use of effici ificati emes. Itis
similar to one the children may already know, ““Twenty Questions,"
except that with this subset of blocks it is possible to find out the name

Here is the eight-piece subset:

B AL
B AL

Itis not red. Since the piece you are thinking of is not red, all the red
blocks are removed and only these remain:

He AL

Itis not square. Since your piece is not square, it must be one of the two
triangles.

A .

Itis not small, so it must be the /arge blue triangle.

Removing pieces may help some children, but they should be encour-
aged to try the problems in their heads first—without moving or
touching any of the blocks; otherwise their learning can become a
blind, mechanical process.

Once the children are familiar with this procedure, begin to alternate

of the piece someone is thinking of by asking just three i Older
students should have no trouble understanding the problem and should
be able to play the game directly from the card.

The first thing in helping younger children play this “‘three questions’
game is to provide step-by-step information that will lead to the selec-
tion of a particular piece from a given array. Assume that you are using
a subset composed of two sizes: Jarge and small; two colors: red and
blue; and two shapes: triangle and square.

Until children are familiar with the game, it is probably best for you to

provide the information all in one form —either all negative statements
or all positive statements. If you make all the statements positive, the
game is relatively simple, and for some children this may be the best
way to start:

1am thinking of a piece: it is small; it is blue; and it is a triangle. Which
oneis it?

Once the chi cani
p to all-negati

1 am thinking of a piece: it is not red; it is not a square; it is not small.
Which one is it?

Children may have trouble with neg. at first

each statement carries with it an implication: if the piece in a subset
such as the one above is not red, it must be blue; if it is not square, it
must be a triangle. If children have difficulty with such implications,
there are two procedures which might be followed: you could work with
a more restricted subset of only four pieces or you could use the eight-
piece set but help the children see the effect of each statement by actu-
ally removing, or having them remove, the pieces which the statement

information you can

ify pieces from p:

eliminates.
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and ion in your Using the same
example, the form would be something like this:
I am thinking of a piece that is blue:; it is not square; it is not small.
Which one is it?

Keep changing the pieces in your eight-piece subset and play the game
until the children can answer quickly and confidently. Like all the games
on these cards, this one should be played by children with each other

as well as with you. You may want to turn the game around and have

t:e children present statements to you, or you might ask questions of
them.

Afurther challenge for children who have learned to play the game with
the pieces in front of them is to have them play it with their eyes closed.
or simply with information about the subset but without the actual
blocks.

The next stage is for children to ask questions about a subset in order
to determine which piece you, or a child, have in mind. Still considering
the subset shown above, the questions and answers might go like this
Isitred?

No.

Isita triangle?

Yes.

Is it small?

No.

Then it must be the large blue triangle.

Y will b so adept at ing with the eight-piece
subset that you may want to move on to consider the entire thirty-two
piece set. You may again wish to start by making statements about the

piece in question, rather than by having children ask questions.

Playing these games with the entire set presents great challenge uniess
the set is organized in some way. We suggest that before making state-
ments, or having children ask questions, about the entire set, the blocks
be set out in some sort of matrix, as suggested in the next card.

There is an advantage, when children are familiar with the “Twenty
Question” format, in starting off without having a specific piece in mind.
You can allow the values of each attribute to be determined by the
child’s questions by saing “No'" to each of his first three questions about
an attribute. With some children the questioning might even proceed as

follows

Is it green?

No.

Is it blue?

No.

Is it red?

No.

Is it a square?

No.

Is it either a triangle or a diamond?

No

Is it small?

No

Then it must be a large yellow circle.

Since there are now four values of each attribute, your statements can
present information in a number of ways, and the concept of implication
can be broadened. If you say, for example, "I'm thinking of a piece that
is not red. not green, not yellow. then it must be blue. But if you say.
“I'm thinking of a piece that is not red, further questioning is necessary
to identify the particular value you have in mind

A Blocks 19

wing patteen of smal

rec

square

Can you complete this arrangement using the rest

Ask someone o remove one of the preces when you are not Iooe NG

Can you tell which one s mussing >

AUl the Biocks 1~ a row have the Same COIr and &' The DIOCKS = & ©
Rave the same shape Such an arrangement s caled & marrx Lesve
the matnx you Rave made on the Table when you are ready o Go o0
You will use t agawn tor Cara 20

COMMENTARY: A BLOCKS 19 AND 20

These problems present matrices as a method of classification. Some
children seem to grasp the organizing power and the elegance of the
matrix almost immediately, and are quickly able to soive fairly compli-
cated tak y P . Many f y -olds —and many adults —
have become fascinated by the way in which the matrix. with its dual
organizing principle, makes quite simple what might seem at first
glance an exceptionally difficuit task

Some children may need help in analyzing the matnx before they are
able to make use of the principles involved. You might say. for example
Can you point to all the square pieces?
Where are ail the reds?
Where are the large pieces?

Some children may find 1t difficult at first to name a piece which 1s
removed (or covered by a card or a cup) In order to state what is missing
they must coordinate two separate ideas — the idea of shape and the icea
of color. each associated with one direction in the matrix They may

find it difficult to shift attention from the rows to the columns and back
again. These children may be helped if the matrix is placed on a sheet of
cardboard or on a turntable and rotated slowly so they see the rows and
the columns alternately. Surprisingly. some children actually seem to
find complicated problems, involving the removal of several pieces
from a double matrix, easier if the matrix is being rotated in this way

A four-by-four grid made with '.” tape on a tabie or = ruled piece

of cardboard will encourage young children to try matrix & ng



A Blocks 20

Using the large biocks make 2 matrix which is different from the one |
you made with the small pieces (Card 19) |
Without changing the positions of the pieces within esther matrix. place ‘
the entire smali-biock matnx on top of the large-block matrix. That is.

the upper-ieft-hand-corner small piece will go on top of the upper-left-

hanc-corner large prece. and so forth

One matrix stacked on another in this way s called 2 double matrix
Ask someone to remove one stack of two blocks from the double matrix

Can you tell which pieces are missing?

Take turns removing Stacks and naming the missing preces until you and ‘
your partner can name the missing pieces when at least three stacks are
removed at once |

The single and double matrix can be used at many different levels. Quite
arange of difficulty can be built into matrix puzzle cards.

N

Double matrix.

30

Matrix building can also be stimulated by puzzle cards.

“>.@@@

Incomplete matrix puzzle cards.

A Blocks 21

| Choose wo colors and two shapes different from those you chose for
Card 16. and again use both sizes Pair the pieces 5o that the only
Gitference between the two pieces of each pair s color looking at all the
pairs. color s the common difference

How many pairs do you have?

How many ways are there of pairing the pieces so that there is one
common difference?

How many ways are there of pairing the pieces so that there are two
common ditferences?

How many ways are there of pairing the pieces so that there are three
common ditferences?

Can you ind out the total number of possible pairs for this eight-piece
set?

Did you include duplicate pairs? |

See if you can figure out some method of keeping track of the painngs
you have made

=1

COMMENTARY: A BLOCKS 21

: 'Some students may be able to analyze the problem and answer all the

questions on Card 21 without using the blocks. Here is the kind of analy-

sis that is involved:

There are three ways of pairing the pieces so that in each pair there is
the same difference — that is, so that there is one common difference.

There are also three ways of pairing the pieces so that there are two
common differences.

There is only one way of pairing the pieces so that there will be three
common differences.

The problem becomes more manageable when some sort of recording
system is used. Here is one form of tabulation

Number of Differences

One Two Three
8 Color | » - » -
&

H

=

& Shape » - - -
5 !

£

3 size - - - -

Each of these seven different ways of pairing produces four pairs so
there are twenty-eight possible pairs.

A different way of analyzing this problem is to reason that every block
in the set can be paired with each of the seven others. There will be
fifty-six pairs, half of which will be duplicates

Younger children may enjoy this problem but they will probably ap-
proach it less analytically. You may wish to make use of the attribute
stickers to keep track of the pairs as they are formed One procedure
which we have found useful is to present a child with a set of eight

stickers and a card on which to place one pairing Before he sticks fur-
ther pairs, he can be asked to check the cards carefully to see that there
are no duplications. It may take several days before all seven different
ways of pairing are discovered

When the seven cards have been completed, children can be encour-
aged to name the basis for the pairings on each of them Questions such
as "'How are the pairs on this card different?” or "Where is the color
difference card? may help them become more aware of the basis for
the pairs they have made.

There are a number of games which can be played with these cards Itis
interesting. for example, to make a rapid search for a pair whichis
named

Where is the pair of small yellows?

Where are the red triangles?

Where are the large circles?

Where is a pair which has only yeliow in common”

Some Examples of Pairing by Common Differences

This illustration of pairing by common ditferences provides a good basis
for making puzzle cards with the attribute stickers. Any one of these
cards could be made into a puzzle card by removing one of the shapes
Of course, it would become quite monotonous to use just these shapes
and these colors every time

One Common Difference

Common Difference - Size

A




Common Ditterence — Color

@A

Common Difference — Shape

® A

Two Common Ditferences

@+ Ae

Comman Difference — Shape & Size

. O

Common Dilterence — Color & Shape

.“‘_A

@ A

Common Ditference - Color & Size

Children who are able to identify a missing piece from a subset
ing two shapes, two sizes, and two colors may have trouble when the
same problem is presented in puzzle card form. If this is so they can
often figure out what is missing if they get the A Blocks corresponding
to those which are on the card.

It may frequently happen that children find one-difference pairings
easier than two- or three-difference problems. A set which would be
useful for five-year-olds, therefore, might consist of six or eight one-
difference cards, followed by an equal number of two-and three-differ-
ence cards. The single difference cards can often be figured out at a
glance without analysis of the difference. Although pairing the pieces
encourages analysis, children may well figure out which pieces are
missing by checking the contents of the entire set, rather than by
looking at likenesses and differences in the pairs.

( W 4 @

®. A

Common Difference ~ Color, Shape & Size
Chl!dren who are having trouble with the cards can be helped by your
posing a number of problems for them in rapid succession with the

A Blocks.

A Blocks 22

Ask s0mecne 1o wraiy 0ne of the BIOCKs (1 4 piece of ¢loth at you can
feal but not see it

What can you tefl about this piece |ust by feeling i1

Can you tall any mote aboul il by looking al the remaining pioces i1

the set?

COMMENTARY: A BLOCKS 22

This game may be especially appealing to younger children, though it
need not be restricted to them. Although only shape and size can be
ensed by touch, the child may determine the color of the piece hidden
in the cloth by a process of elimination when he has the rest of the set in
front of him. Children may be surprised by their ability to solve this

problem.

parner using

Start the game by naming a proc

¥1M0uld be able 10 1

0co you Nave named out ¢

hox Your partner then takes the
wnd puts 1t 0n 1he table whare Both of you ¢an see /|

Now 1 15 his urn 10 call 101 & Dioce 110m your box by [60king &l s owr
group and af the pioce 0n the table YOu continue (o lase tuins Fach
100K% 1110 ik own DO ANG al the pieces on the tatie and identites o

piece in he other person s bos

COMMENTARY: A BLOCKS 23

This game is similar to the other naming games suggested This time.
however, each player makes a hypothesis about the pieces in his part-
ner’'s box by looking at the pieces in his own box and at those already
on the table. The strain of making up hypotheses, testing them, perhaps
rejecting them, and starting again, may make some children uncom
fortable until they are able to work out efficient ways of arranging and
scanning their blocks.

The game may be simplified i it is turned into a team endeavor. two or
three children working with each box, taking turns making hypotheses
Another way to make the game easier is 1o put the pieces which are
taken from the boxes out on the table in the form of two matrices side
by side, one for the large pieces, one for the small pieces this makes it
easier to determine missing pieces and relates this game to the matnx
games suggested on Cards 19 and 20

a3



A Bilocks 24

Trere ave any cimer coMCie Tules. Cre rue COuC De T b e
Deces anc 2 e peicw Cweces 30 €53 Te Ioa ST 2CTer noe owd
e cumag SCa 3l the Gree- meces arz 2 e mangles

COUC S3y Tt a4 e SOLIrE mof-Biie Ceces Tt S 34 e Daces
T e ST sGuare arc Not-Diue’ 3C (IS e Bex

¥5e 3AC your carier SPOUE tane oS maRng LT rukes 3G hgurng
Te our

COMMENMTARY: A BLOCKS 24

Thes game requires craldren to disCover a rule Dy testing specific in-

10 see they ot it an opportunity
for them 1o apply the kund of reasoning they have been doing about class.
retztionsheps and to extend thewr explorations to problems which are
more and more compiex. The game can be piayed at many levels of
M,Ammwmmmmma‘mmmmld
go m the box. An advanced rule maght be that the box could contain all
the not-green, not-Circles — that is, all the pseces which are not green
and all the peeces which are not Circles. This game is sutable for 2 wice
range of of the many p for maring rules.

in g up ruies may sisft those which invoive inter-
sections (for exampie. small green preces) and thiose which invoive
unsons (for exampic, all the small preces and 2! the triangies ) Although
nedther of these terms has been introduced on the cards. students wno
hawe worked through the problems on Cards 8. 9. and 10 have been
Cezing will unons and intersections, and those who nave studied sets
=0 thewr mathematics classes may be aware of the distinction. R is not
necessarny 10 know the terminoiogy. however. in order 1o play the games
satisiactordy

Tre game requires conssderadle fieubility in forming and rejecting
nypotheses about the rule if one is trying 0 Choose 2s few Lest pieces ac
possibie—that is. if One is trying for an elegant solution

Tne requirements of this game may encourage students to look for
metnods of testing more than one piece 2t a ime For example if the
fir22 form DUECES WINCh G0 GO Into the Box are 2l either red or yellow, 2
reasonable hypothesss might be that none of the greens or blues go in.
and the mught group 2l the greens and the blues and
za# whether anvy of the pieces in the group go into the box Depending
on the answer further groupings could be tested, or indrvidual preces
could De tried. The game permits the use of a wide vanety of strategies

In this case, a subset of red and blue circles, triangles sgquar
diamonds has been used. the large pieces being separated fro™

L

"~

Fe’.

~ Inthis problem one line separates the squares from the not-squares,

and the other separates the large from the small pieces Thisis avaria-
tion of a two-loop probiem

From a set of yellow and blue squares. circles, and tnangles, a subset
is formed of pieces which are esther circies or yel.ow




A Blocks 24

v game Spread
Cara 23 prasented 3 twobon game Hewis 2 onebor O
41 the blocks on Ine 1abie Invenl a ruie that will §
Alo the A Bioces boa For example. oae ule might be p
pich up any prece te!
s rule W it 4508
s f Bude Mo NEEDS Ipsting the peces
g (n the Dos untit he
s for him 1o lind out

oll which peces 90
|hat ail the big red
| i
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W not he set
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e puty o o0 the Box
+ o tyme. 10 36 Whelher i £OL 1y beElO
gracovers what your rule 15 The object of the game ¢
your rule atier Testng as few piaces as possible

e that ail the r6d
anoine’ rule €oUId
angies

There are many other postidie ru'es One rule could
s preces go into the box SUE

4
o Box il the green peces an
1o A0l blup paCEs [that 3 ail Ihe peces
0 the bos

o ruies and 1guning

preces and av the yel
imyolve puthing snto I
You could say that all the squa
e botn square and ot biue) o Nt

that

You and your paniner should Lare turns Making U

them out

e
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COMMENTARY: A BLOCKS 24

er a rule Dy lesting gpecificin-

o it. it provides an opportunity
have been doing about class
s to problems which are

This game requires chi Idren to disCov!
stances 1o see whether they conform 1
for them 1o apply the kind of reasoning they
relationships and to extend their exploration:
more and more complex. The game can be played at many levels of
difficulty Asimple rule to start with might be that all the big pieces could
go in the box. An advanced rule might be that the box could contain all
the not-green, not-circles—that s, all the pieces which are not green
and all the pieces which are not circles. This game is suitable for @ wide
range of students because of the many possibilities for making rules

In making up rules students may shift between those which involve inter-
sections (lor example, small green pieces) and those which involve
unions (for example, all the small pieces and all the triangles). Although
neither of these terms has been introduced on the cards, students who
have worked through the problems on Cards 8, 9, and 10 have been
dealing with unions and intersections, and those who have studied sels
in their mathematics classes may be aware of the distinction. Itis not
necessary 10 know the terminology, however, in order to play the games
satisfactorily

The game requires considerable flexibility in g and rej 9
hypotheses aboul the rule if one is trying to choose as few test pieces as
possible - that is, if one is trying for an elegant solution.

The requirements of this game may encourage students to look for
methods of testing more than one piece al a time. For example, if the
first few pieces which do go into the box are all either red or yellow, a
reasonable hypothesis might be that none of the greens or blues go in,
and the student might group together all the greens and the blues and
ask whether any of the pieces in the group go into the box. Depending
on the answer. further groupings could be tested, orindividual pieces
could be tried. The game permits the use of a wide variety of strategies

In this case. a subset of red and blue circles. Iriangles sq,,

"
diamonds has been used, the large pieces being separajeq
small.

8. ang
10m {he

In this problem one line the from the not

and the other separates the large from the small iy From aset of yellow and blue squares, circles, and triang|
pieces. This is a varia- 3 gles, a subset

tion of a two-loop problem.

1s formed of pieces which are either circles or yeliow




KEY PIECE

TMREE DIFFERENCES
TWO DIFFERENCES
ONE DIFFERENCE -
| Color and Size
| V' J 4
|

A - AA
HASN
VYV 4

Color, Shape, and Sure

Sue

Shape and Color

A Blocks 25

Take thioe of the 160ps tom the A Blocks box and put them on the table

|t they take up 160 much space. doutia them up ke this

00O

Choose a block - il doss ot malter which one Place this block on *he
1able outwde of 1he thies loops In the fist loop place ail the blocky
that differ from it in one way In the second loop place all those tha!
dillet Irom your chosen bIOCK In Iwd Ways In the thrd loop place all
the blocks 1hat dilfer from it in three ways

Choose & diffarent biock and play the game again Practice until you can
do (1 quickly and easily

A Blocks 26

Place & block on the tabie Find s block that ditted from it in only 008
way and lgy it rext o the fiest biock Now hind a biock
from ihe second biock in one wiay and lay th
with tho first and second bicchs

abla i ine

Can you arrange all the A Blocss in 4 singie Lne 5o 1hat all sojacent
pieces alled from each other in anly one way?

Try to make your hne into & circle This fequires inging and praces [hat
@ifler i anly ore wiry

Can you Lay out & higure eight in which all sdjacent reces ai'fer in one
way only?

Notice that tha center block - at the crossover — has four adjacent piec
Al tour must gitfer from the center block In only one way

Can you make circles and higure eights with two dfferances between
adjacent pieces? Three differences?

COMMENTARY: A BLOCKS 25

It is not hard for most people to form subsets of blocks which share a
single value of an attribute. “All the reds™ or ““all the squares™ can be
singled out quite readily by eye, and one can have a simultaneous
awareness of the whole p . The task of ] of pieces
which differ from a key piece in one, two, or three values is, however,
more challenging: it requires the ability to shift back and forth between

1eous and seq ial g

The subsets having a single difference can be broken into three further
subsets: those which differ in shape, those which differ in color, and
those which differ in size. The two-difference subsets will contain the
pieces which differ in color and shape, color and size, and shape and
size, while the subset of pieces which differs in three attributes cannot
be broken into further subsets.

The tabulation on page 36, based upon the key piece large blue circle,
may make the analysis of the problem clearer

COMMENTARY: A BLOCKS 26

These problems extend the experience gained in classifying by one-,
two-, and three-attribute differences to a series of increasingly com-
plex tasks. Indeed, the last task suggested, making a figure eight out
of pieces with three them is if you use
the full set of A Biocks. The impossibility of completing the three-
difference figure eight may be discovered through trial and error by
many children, only some of whom will work out, analytically, the rea-
son for the impossibility.

ar



A Blocks 24

game Hao 3 a one-box game Spread
Inat will fell which pieces o
ght be ihat all the 219 763
ell hum

Card 23 presented 4 two-box
all the blocks on the lable invent & rule
\nto the A Biocks box For example one fule mi
peeces ga into the box Ask your pariner 10 pick up any piece
A belongs. in the bou according 10 yout rule I it does
ge Ho keeps tosting the pieces
pelong in the bos unitd he

im 1o hind out

whother of
he puts 1 in the bos 1 nol ha st it as
one Bt & lime. 10 see whether of not Ihey
iscovars whal your rule is Tne object of
a1 fow preces as possible

the game i3 for I

your tule atier testing
@ (ule could be that all the red

e box SUll another rule could
ang all the trangles

at i3 all the pieces

Thera are many athet possible rules On.
pieces and al the yelfow pieces go into
\nvoive pulting infa the box ail the green pieces

You could say that all the square nol blue pieces (e

| {hat ate boIh square And not-biue) go (A3 the Box

Vou and your partner should take lurms making up rulés ana ligunng

them ou! |

COMMENTARY: A BLOCKS 24

This game requires children to discover a rule by testing specificin-
stances 1o see whether they conform to it. It provides an opportunity

for them to apply the kind of reasoning they have been doing about class
relationships and 1o extend their explorations to problems which are
more and more complex The game can be played at many levels of
difficulty. A simple rule to start with might be that all the big pieces could
go in the box An advanced rule might be that the box could contain all
the not-green, nat-circles—thatis. all the pieces which are not green
and all the pieces which are not circles This game is suitable for a wide
range of students because of the many possibilities for making rules

In making up rules students may shilt between those which involve inter-
sections (for example, small green pieces) and those which involve
unions (for example, all the small pieces and all the triangles). Although
neither of these terms has been introduced on the cards, who
have worked through the problems on Cards 8. 9, and 10 have been
dealing with unions and intersections, and those who have studied sets
in their mathematics classes may be aware of the distinction  Itis not

y to know the logy. however, in order 10 play the games.
satisfactonly

The game requires considerable flexibility in forming and rejecting
hypotheses about the rule if one is trying to choose as few test pieces as
possible —that s, if one is trying for an elegant solution

The requirements of this game may encourage students to look for
methods of testing more than one piece at a time. For example, if the
first few pieces which do go into the box are all either red or yellow, a
reasonable hypothesis might be that none of the greens or blues go in,
and the student might group together all the greens and the blues and
ask whether any of the pieces in the group go into the box Depending
on the answer, further groupings could be tested, or individual pieces
could be tned The game permits the use of a wide variety of strategies

In this case, a subset of red and blue circles. triangles. squ .
diamonds has been used, the large pieces being separateq {,

small.

s
y 4
e

S. ang
Om the

In this problem one line separates the squares from the not-squares
and the other separates the large from the small pieces. This is a var;a-
tion of a two-loop problem.

From a set of yellow and blue squares, circles, and triangles, a subset
1s tormed of pieces which are either circles or yeliow




A Blocks 27

e fotiowing four subsels
ks inR0 the following
aerange the A Bi
biue tnangies
not-Biue toangles
Lot 1nangle blues
tue. nal-tnangles

wes of color and
d by not. the subset
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which aie not blue Nal-biue

which arg nesther |
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Note that th
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COMMENTARY: A BLOCKS 27
m subsets named by combinations of values

s to fo 5
Here the problem & o o jolngar children to select

and negations. At first, it may be eask
groupsuas you name them. rather than to name groups after they have

i ke
been selected. You might start. therefore, by having the cnn:!ru'nhr:;
subsets as you name them, repeating the name after the subsel

been formed

Begin by asking for the subset of blue triangles. Then ask the Children
1o make the subset of not-blue triangles. If this new term is ngy unuép
stood, simply ask for all the triangles that are not blue Continge nam.

ing subsets by values and negations of values

When ct can form easily, p them with aireaq,
formed groups, such as the four shown below, and ask them 1o, the

names.

Aed pieces thal
Red Circies Circlas r:l {ud pisces I
ot red crcies) {Norcucle r8ds)

(Not-red, not-
circies)

000" HA
ce

| W 4

y & 4
s

‘T
A A
A A

A Blocks 28

This problam will require two colored loops and the label cards which

aro included in the box of A Biocks You will not need the labels ‘N

for this game

Put any two 100ps O the table Pul all the red preces inside one loop

and sl ihe 8quare pieces mside the other Find the label cards for Ihese |
supsets All the pieces in the loop must have tha value shown by the

fabal card .
Whal have you done about the (ed square pieces?

(Check 10 Do sure that you have 1he pieces in the (ight place A/l Ihe red ‘
pleces and only the red pieces must be in the first ioop I the second |
Joop must be ail the square pieces and only the square pieces. |
Make up a differont probiem Choose values for diffarent combinations |
of aitribules —color and shape, color and size, or shape and size Prac

g this game until you €an put the blocks where they beiong

aquickly and sasily ‘

Turn the label for @ach loop face down See if your pariner can identify
the Iabels from the pieces i the loops

A Blocks 29

Put two 160p8 on the (able as you did for the previous protie

166p Groen and he otner 100p Large 1f the ioop Iabeled (iree
(intersects) tha loop lubeled Large. you CAN Name Ihe suDSETs
in 1he thres spaces created by the ntarsecting 100ps. as well as the
space cutside the loops this way

[ =T
| 522

Suppose you have two such intersecting loops. one labeled Yellow and
the other Triangle
What are the namas of all 1he spaces. including the spaces outside the
160ps?

>

Make up other problems like these
Can you name the spaces withoul putting the biocks in them 7

Imagine the blocks and 1o0ps and Iry naming the subsets

COMMENTARY: A BLOCKS 28 AND 29

Card 28 presents in concrete form, using the loops, the same kind of
problem dealt with in Card 27. By now, children may be familiar with
the characteristics of individual blocks, and they may be familiar with
classes of blocks, but they may still not be able to shift attention eas-
ily from individual blocks (as. the large green triangle) to classes (as
all large greens) and back again. The loops enable children to focus
on classes without losing their awareness of the attributes of specific
pieces. Even though they have been making use of the fact that each
block has three attributes, some children may be surprised when the
class membership of individual blocks is made visually explicit.

Card 28 does not to that they lap the loops: we
feel they should have a chance to discover this for themselves. If they
do not discover it, Card 29 spells out the problem more explicitly.
Notice that the space outside both loops is as much a labeled space
as are the spaces inside the loops.

Many first graders have enjoyed two-loop games with the blocks;
some have been able to handle three-loop games, and a few have
played loop games with negations.

While it is likely that children will find it more difficult to work from

a graphic representation than from the blocks themselves, it may be
that some young children who have become quite familiar with actual
loop games will be able to deal with them on puzzle cards.

The problem can be to determine the labels of one or more of the loops,
the contents of the loops, or both. In most instances children will find
it necessary to have certain information in order to complete the
problem, even when this information is not asked for in the problem
Itis p y useful to p these p in many different
forms

Puzzle cards which call for the use of negative labels are apt to be
more challenging Older students might explore levels of difficulty by
making up problems for each other

Three-loop problem with unmarked labels and one prece missing
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Some of the confents of one loop are missing Although the problem i3 (0 sup)
missing contents, to do 50 if 1S NECassary to iabel the loops

A
y B &

w, 7y _°

] X

Two-100p probliem requiring negative labeis Only one sizé Of piece is used

Threa-loop probiem with 0ne positive 1abel given twa negatives required

A Blocks 30

Maka the following subsets

smatl yeliow circies

small nol-yeliow circios
small yollow not-cifcies
not-gmall yellow circlas
not- small not-yeliow circles
smail not-yeliow not-circles
not-small yellow not-circles

What 15 the name of the subsel ol the remaining preces? |

— — )

COMMENTARY: A BLOCKS 30 AND 31

These cards repeat, with three attributes, the type of problem pre-
sented with two attributes on Cards 27, 28, and 29. While the tasks
are essentially similar to those on the earlier cards, the addition of

a third attribute makes the game considerably more challenging.
There are eight subsets instead of four. When the three loops are
used, as on Card 31, seven of these subsets are inside the loops and
one is outside

As with the two-attribute games, it will probably be easier for children
to construct the subsets as they are named than to name already-
formed subsets. Many g may be able to form these
eight subsets if you name the subsets for them. They will need to be
quite famihar with the A Blocks before they can play the three-loop
game described on Card 31

If, in making up problems of their own, children choose two values of
the same attribute to use as labels, they will encounter the emply sef
We discuss this on Card 34, but the children will naturally discuss it if
it arises while they are working on Card 31

A Blocks 31

Arrange any three loops and Late! 1hem Lae this

You will 6ot need the N labe's

Piace biccks in the spaces whare they beiong For axample. the space
hat « in both the Blue ioop and the Large 1oop but 1ot in the Circie
100 muBt have In 1t 41l Ihe targe DILe nol-Circies. and only he iarge

| bluB nof-circies Check Bach Of 1he I50DS In 1WA 10 be Sure that it has ait
its places and only ifs preces

Name each of the subsets you have made including the subset of pieces
oulKIOE 41! the 10008

Make up other problems like this by lateiing €ach op with diftgrent
VAL Irom hose used here

41



A Blocks 32

Choose one value Tar each attnbute for oxample smali. biue and

square

v
Haw many subsels can you form using just (hese valuas and the

negations? {Nat Biue 1 the negation of bive

m nlan
One subsel wouid contain the small blue square another would o

A1 the small biue pieces that are nol squares. eic

o on A
It necessary keep track of (he subsets you make Dy kgting The

separale piece of paper
Small Blue Square
v
Subset 1 4 L
Subset 2 v 5
w
Whe you have formed all possible subsets. set out three 100 :‘l:on
o
81 101 Card 31 tabel them with the valuss you have chosen, an!
place each subsel in its appropriate Space
Choose a different valua for each attribute
tormed
Can you imagine and name the subsets which could be for
using these values without using the blocks?
-—

COMMENTARY: A BLOCKS 32

Cards 30, 31, and 32 present a sequence of activities, each of Wh:gh
builds upon earlier experiences. The games suggested on Cards 33,
34, and 35 may be difficult unless the student is thoroughly familiar
with the activities presented on Cards 30, 31, and 32.

On Card 30, subsets were named and the student was asked 10 make
them

On Card 31, a visual representation of subsets was created by the
student, first using values suggested to him, and then using values he
decided upon
Card 32 asks the student to make subsets and then name them. Nam-
ing the subsets formed from the combinations of values and their

g9 calls for y in coordinating a number
of ideas The table suggested on Card 32 may facilitate this coordina-
tion When completed it looks like this

Large Red Diamond

Subset 1 » » »
» » X

3 v X X

4 X X X

5 X X I

6 X I I

7 » X v

8 X w X

¥ = positive value X - negalive value

When the subsets are formed. placing them in the appropniate spaces
In a labeled three-loop pattern may help the student grasp more firm-
ly the structure of the problem. After they have had practice naming
the subsets formed when they use the loops, older students may be

able to master the complexity of crealing eight subsets without using
1he loops

42

A Blocks 33

Lay out the thres-1aop pallern using any Ihres lo0ps
y

Labe! aach loop wath the negation (N) of & value One labe! might be
N-Groan, anothor N-Girclo. 8 third N-Small Placa blocks in the Proper
o8 Femember, only the DIeces thal are nol Qreen must go i e
snd all of them must go in his 100D Al piaces thay g
pieces must o in the N-Circie loop e

3pac
N-Green [00p,
ol circles and only these

COMMENTARY: A BLOCKS 33 AND 34

These cards, with Card 35, provide progressively more aithicylt vo,.
sions of the three-loop game introduced on Card 31 Ajl of Thise
extensions are difficult, and they will probably prove of interes
10 older children and adults who have had considerable exper,q
with A Blocks.

Manly

nee

Card 33 provides systemalic practice in dealing with neqations Mgey
peaple find negative information more difficult to deal with 13, Dos..
tive information. This may be, in pan, because daily life Provides us-
with less experience in using negations. Also, negations generally
leave more possibilities open than do positives If you Consider the
not-biue pieces. for example. you are dealing with the subset of
yellow, red, and green pieces. Only in the case of a two-value an,.
bute, such as size, does the negation eliminate as many pieces as
does the positive; not small 1s, of course, large

Some people find it easiest lo handle negations by turning them nig
positives— by considering the values which are not eliminateg Others
may be able to deal with “untranslated” negations from the 15t
Many people will find that after they have turned negations into
positives for a while they will no longer need to do so

If students make up other three-loop games with negatons in aga-
tion to using the combination of values suggested, they may en-
counter the empty set. If two of the labels are not-large and nat-smy
then the intersection of the loops with these labels cannot conta -
any pieces, since there are no pieces that are neither small nor large
Empty sets are explained to the student on Card 34. where they ae
most likely to occur

Note. Many children have enjoyed playing a not game in a more
general context. For example you might hold up a pencil and ask
“What is this not?" After collecting nots tor a few objects which 1hs
children may suggest, try asking the question, “What are you no!”
Children have had fun, after they have listed some of the things the

+ gy

A Blocks 34

Once again iay out the three-100p pattern Shuttie the set of label cards
bath positive and negative Without looking select three cards Sevaral
interesting combinations of values and negalions May occur For seam
ple. two of your labels might be values of 1he same atlribute say red
and biue The space made by the infersection of the two 100ps cannot be
filied since no block IS both red and blue A sal (or subsat) with

nothing in 1118 called an emply sof

€T

Angther possibiity I8 that one of your label cards will be for a value
and another fof its negation

What happens when one 100p 3 labeled Circle and another N-Cicle?

Which combination of labels leaves the lewest pioces outside the
I Inree loops?
Do any combinations leave no preces outside? Just one piece”

| Which combination leaves most of 1he piaces outside?

Look at ihe label cards you selected Belore placing the pieces cailed
for in tha loops. see if you can predict how many pieces will b left
oulside

A Blocks 35

When you fee sure you have masiesed the prew.ous thiee oo
find o partner who is aiso an eapedd Start by using only the ¢
label cards Choose 4 label 1o each ioop and place it face cown by 11
loop

Your partner must discover whal ihe labeis of the three loops are by
P'aCIng preces in the spaces and hnding oul from you whether they
belong there or not Each of tha 1irty-Two bIOCks belongs in only one
particuiar space. aithough not all will necessanly go inta the loops
8nd there may be more pieces in 30me spaces than in oihers

In order 10 give correct answers 10 your parines you may want 1o draw
duagram for yoursel! showing the labels you have gven 1o the
| Ioops. and refer to the disgram as you answer You will tell nim that
a prece s correclly placed only if 11 18 in 18 urQue space -~ 1hat s
| aither inside one of Ihe seven spACes created Dy e 1GOPS of 1N the
space oulside the Ioops

A much more dithcult version of this game can be created by using only
[ negative labels and telling your pariner that you are using only negative

labels The most arlicull version fequires you 10 Lse any combsnation of

labels. Aot telting your partner whether INey are all positive all negative
‘ or a combination

Much of the difficulty of these games stems from the dithicully of
| romambering what you have learned from each triai of a piece in s
3pace You may want 10 hgure out some way of recording thus information

were and were not, drawing pictures of items from their own personal
lists. It often seems to surprise children that there are more things
that they are not than things that they are. We have found that some
children, after listing nouns that they were not (“I'm not an elephant,”
“I'm not a pencil,” etc.), bi more ad! and begin think
of adjectives (“I'm not hungry"), participles (“I'm not running"), and
pronouns (“'I'm not you"),

Most people find it more difficult to deal with combinations of posi-
tive and negative labels than with negations only. Card 34, which
suggests that labels be assigned randomly, makes it probable that
such combinations will occur. The questions asked on the card are
difficult: itis especially difficult to predict the number of preces left
outside the loops by a particular combination of values, and it be-
comes harder and harder 1o keep in mind information already gath-
ered about pieces that have been excluded from various intersections
It may help, at some point, to use paper and pencil to keep track of
this information

It would be unrealistic to expect all older students, or even adults, to
be ready to respond to the challenge offered by these problems. We
have referred to “manageable complexity.” It is at this point that these
games, while stll manageable, become maore and more complex, and
people differ in their taste for complexity

COMMENTARY: A BLOCKS 35

The games suggested on Card 35, all of them difficult, nevertheless
range from one which many older children will be able to play quite
successfully —the two-player game with only positive label cards—to a
game which few adults may be able 10 manage — the two-player game
with labels chosen randomly, leaving open the question of whether
they are all positive, all negative, or a combination, It is hard enough
to play this game knowing that the labels are either all positive or all
negative. When there is the possibility that they are mixed it becomes
exceptionally difficult to remember all the information you have ob-
tained from each tnial

A number of first- and second-graders have learned to play the two-
loop hidden-label game. The child in charge of the game needs to be
able to see the labels, however. Hiding them behind a screen or box
has worked very well



A Blocks 36

I workmg through Cards 19 and 20 you constructed a matrix In
warking on Card 26 you made rows. ¢ircles and figure eights out of the
blocks. putting together piecas with one two, and three ditteronces The
grobiems that follow combine the matrix and the common difference

(deas |

First arrange all thirty-two 4 Blogks into a matrix so that in 1he rows ‘
adjacent pieces difter from one another in ono altnbute and In the

columns adjacent prioces diftar in two attributes. You may have four

rows and eight columns, eight rows and four columns, ar perhaps oven ‘
1o rows and sixtean columns The upper left:nand part of a completed

matrx might laok like this

- e —
’ () N
\ i, A
=
() [ o)
48

Now Ity & much more ambilious malrix which is something ke the
double mairix you buill earliar, for Card 20 This matrix will consist of
sixtoen sincks of two pieces each arranged in tour rows and four

columns Adjacent pieces in the rows wall differ in one atiribute. adjacent
places in the columns will differ in two attributes the twa pleces in each
<tack will differ in all three attributes You will and up with & matrix on top
and ane on the battom Remember that the rows and columns in both
matnces must cbserve the one- and two-attribute aifterence rule. Good

luck!

COMMENTARY: A BLOCKS 36

A number of earlier cards (21, 25, 26) focused students' attention on
differences. The problems on this card provide additional practice in
dealing with one, two, and three differences, and present a formidable
challenge for the student. The second problem, involving a double
matrix, has taken an adult as much as two hours to solve, but was
solved by one thirteen-year-old in fitteen minutes!

At first, many students will find that they need to focus consciously on
the number of differences in rows and columns, and perhaps even
form subsets of pieces which can be placed in a given position. One
can be very clear about the distinction between the attributes, have
had considerable practice in dealing with their values, and still be
slow in identifying pieces which specific ¢ ions of
values, as required for various positions in the matrix With practice,
however, it may become possible to proceed much more rapidly,

7 W

One-ditierence line

f?

Two-difference line.

shifting quickly between simultaneous awareness of the g
pattern and sequential attention to individual pieces

It may be advantageous for two people to work logether on these
problems, especially if difficulty is encountered. It is easy to make
mistakes when trying to coordinate differences in attributes in two
directions, let alone three, and if two students work together, perhaps
taking turns adding to the matrix, they can check on ane another.

A variety of puzzle cards can also be made which involve differences
between adjacent pieces. These could be in a line, a cross, or some
other configuration In most instances there will be several possible
answers

?

Three-diffarence line

Three-ditlerence cross

A Blocks 37

Here is a game that is played on & four by four board You can make one
by drawing lines on paper or by putting lape on i lable

|
1

The first player places a piece in any ol the spaces The second player
may play in any space. but If he piaces a piece next 10 one which 18
aiready on the board, it must be different Irom that piece in thres ways If
 pice i placed next 1o two other pieces il must differ fram each of the
others in three ways

Theee SRerances

3|A

s oesrion | s e m e e e

| Thres afiereicen
|
| Can you fill in all the spacas?
|

When you are alile 1o play this game easily. try changing the rule so that
| 9 . ang
| pieces next 1o each other are different from each other in one way of

I 1Wo wiys

COMMENTARY: A BLOCKS 37

The three-ditference game on the four-by-four grid is easier for most
players than the two-ditference game. The basic problem is the same
as that suggested on Cards 25 and 26, but there is the added compli-
cation of arranging the blocks so that a piece added is different in the
prescribed number of ways from the piece to the left, to the right,
above and below

The point of the game is to see how many pieces can be placed on
the board. It may be that more pieces can be placed on the board if
some of the other pieces are rearranged. A different game may be
played by dividing the pieces at random so that each player is limited
to his own group of pieces instead of drawing from a common pool of
the complete set of A Blocks

A further vaniation of the game results if the object is to block the
other players so that they cannot move. Students should be encour-
aged to vary the rules so that they may see how different limitations
change the problem.

Another form in which to present this problem is to use either all

the large or all the small pieces and to arrange them in such a way
that there are two differences between adjacent pieces. All sixteen
pieces can be placed on the four-by-four board in such a way that
there are two differences between adjacent pairs, honzontally and
vertically, though most people will find this quite hard lo do This
same problem is stated in a different way on Card 39. Students who
have been able to solve the problem in one form but not in the other
will be surprised when they see the relationship between the two

The two-difference and one-difference problems are apt 1o be quite
difficult for most people It is usually much easier 10 work on these
with the actual A Blocks, a four-by-four gnid, and a partner
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Agjacent pieces differ in one way. A ’?

horzantally and vertically
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co"uzll‘lll“‘: A BLOCKS 38
This game can be played on a simple or on an advanced level The
game is to match one’s partner’s pieces by either two-differ-
ance pleces or one-difference pieces. Since it is often difficult for
children to remember whose turn it is, it might be just as well to have
one person do all the placing and the other person all the pairing for
round. People seem to soive this prablem in two different
ways. They gither check out the pieces one at a ime 10 see if each
has one difference or two differences from the piece already played.
or they classify by differences so that they identity all the pieces
that can be played and all those that can't. If it is a two-difference
game, and a red circle 1s played, for example, no piece which 1s either
red or circle can be played Students will find that most of the time they
will be able to complete all the painngs, but there will be other times
when no further move can be made If the game Is played competi-
tively, it becomes quite difficult to figure out how one can block one's

opponent from playing

One-ditlerence pairings

me
|

Two-difference parings

A

Three:ditierence parings

a7



A Blocks 39

Introduced on Color Cubes Cards 13, 14, 15 _and 16

Laun squares can also be made with the A Blocks, though this is more
aithicult

Use @ther the large pisces of the smail pieces

Artange them in a tour-by four SQuare 30 that (here 13 one Prece of
each color and one prece of sach shape in each row and in each column

Don 1 be surprised it you have ddticulty with this problem Most people
find 1t quite hard It may help you 10 try Latin squares with the Color
Cubes hest

1 you are able 10 do this problem try 10 remember how you reached your
solution If you used some system. try 10 remember what it was and write
it down Study what you have done and. il possible. compare your solulion
wilh your neighbor &

COMMENTARY: A BLOCKS 39

This problem requires one 10 check both rows and columns for
color and for shape. Many people find this difficult. While it is not
hard to establish an arrangement that meets either the color re-
quirements or the shape requirements, it is hard to fulfill both
requirements at the same time. Transposition of pieces will affect
both the shape and the color distribution, of course.

It may be helplul to call the 's to the b
of colors in the diagonals or in each of the quadrants

yellow, and blue 100ps in tha lollowing pattern

Ly out e 1#9. 91047

thia 18 & plan for 8 city In this caty. you use the colored Ioops to
o color buildings My be put in the various spaces You can
"":.wr of one of More cubes
mane a rule Gt rules WILCT Wil tell Wha Color BuIIdINgs o in the spaces
fnvant & 1 | rules are possibie Try some rules which tell you what
Mr H"MM go in cenain spaces

Color Cubes 2

Here i3 an iaresting

fule tor the four-laop ety suggested on Card 1 A

Cube belongs in every space whic

cE h iy inaide & 0op of
D8 €4nNal be put inia & space uniess it 1 inside & 100p of M own
color = ;

e ”ﬂm CUBAE 5O 11 evary sub-drnsion Insde the red I0op biue cutes

1@ sepacale spaces innde the biue 1op. and 5o torth Ba sure that

YOU have constructed as many buidin

a8 48 DOALIDIe

H
O% Many thiee-story apartments are there? Ars there any four
Mary aganmenty?
1 your pany
YOU! PAINGT Moves s0me of your buildings when you are not looking

A18 YOU i 10 ind the ones which have beon shified?

Remove the 10008 carefy

"y WOt desturtang the buidings
Can you stif el now the oty wiis planned?

Suppose that you turn the rut

und and say that a space may have
Duidings of every color except tha color of the

loop of 100ps encionng it
You will need two sets of o

Cubes 10 Dund thas. )
What will the city look fike?

COMMENTARY: COLOR CUBES 1 AND 2

The problems suggested on these two cards are suitable for a vary
wide range in age. Here is a scenario which we have used quite
successtully in introducing one form of the game 1o five-year-olds
Teacher
Do you know what a city planner is?
Child
No
Do you know what a dogcatcher does?
He catches dogs
What does a back-scratcher do?
Scratches backs

-0 =40

Well, city planners plan cities. | am going to show you the plan for
a city and perhaps you can ligure out what the city will look like
(Put out the four loops in the pattern suggested on Card 1.) This is
the plan the city planner has made for his city. These buildings
(color cubes) can go in the spaces made by the loops, but only
certain buildings can go in each space This red building could
go here, for example. (Place a red cube in one of the spaces
which is enclosed only by the red loop and no other.) Can you
find where the rest of the buildings belong? We can take turns
Irying the buildings in different spaces and | will tell you whether
what you have done fits the city planner’s rule

Children will usually fill in the other single building spaces first,
making use of the information which you have given them in placing
the first piece. There is no way for them to know in advance what

the rule 1s going to be, of course, so that there is bound 1o be quite a
bit of tnal and error You should make it clear that this is really a
guessing game —that the city planner might have made up quite a dif-
ferent rule for this same pattern of loops. It 15 also helpful to tell
children, when they have placed a building correctly, thal the space
1s completely filled or that there is room for more buildings or

for making a one-story building into an apartment house



Cubes enclosed in a nng

The same arrangement with two more rings added

Yes, that is the only building that can go there Yes, that bullding
belongs there, but it is not the only color that can go n that space
Here you have a three-sfory apartment house Is there another space
where you could have a three-story apartment house?

Most groups of people, adults as well as children, can complete the
‘city” when the problem is presented in this form. They may be able
to tell which pieces go in each space without being able to state a
rule There 15 no necessity to put a rule into words, though it may be
interesting to see If children wan! to attempt it This problem provides
a good example of what we have been referring to as “'manageable
complexity "' Students are dealing with a great deal of information
simultaneously, but the representation which grows up in front of
them enables them to keep track of the tests which they have made
and to begin to analyze what is involved It would, of course, be
possible to start with a simpler problem, but we feel it would be a
mistake to do so unless children were having a great deal of ditficulty
Later it might be helpful to try a two-loop or a three-loop city plan,
using rules suggested on Card 2 or ones which the children make up
In making up their own games, children may want to use all six colors
of loops and blocks

One hypothesis which many people seem 1o expiore, in trying to
determine the rule, 1s that it involves what might be called “boundary-
matching = That 1s, they become convinced that a cube can go in a
space If part of the boundary is a loop of its color, whether or not

the space is entirely enclosed by a loop of that color. The idea of en-
closure 1s obvious when there is only one loop. When there are
several loops people are apt to focus upon the immediate boundanes
of each space rather than the large enclosure They should under-
stand, if the point arises, that boundary-matching or enclosures are
equally good rules for building a cube city

One of the reasons that these problems provide a challenge may
be that they require shifting back and forth from the parts to the

50

whole. Most people concentrate on filling up one space at a ime
very few place all the cubes of a given color in the spaces where
they belong and then do the same for another color. A good way to
help younger children check what they have done is to get them

to lock at the problem another way. If you suggest that they take a
“helicopter ride”” around the different sections of the city (moving a
finger over each of the loops helps), they can focus on the contents
of any one of the loops Many children see quite readily that the red
loop contains red cubes and that there are no red cubes outside the
red loop, and that this same pattern holds for the other loops as well
When they have seen this they will be ready 1o play the other games
suggested: moving some of the buildings and detecting what has
been changed, and removing the loops and seeing if they can be
replaced in the proper position

Children should be encouraged to look at the patterns which they
have made and to talk about what they see. They may notlice that one
city plan results in all the big buildings being at the center of the
city, while another has all the big buildings away from the center

Another way of looking at the city I1s to consider the differences in
the buildings in adjacent spaces How s the building which is one
space removed from the center of the city different from the center
building? When children understand the changes which occur across
boundaries, they may be able to predict what the buildings in suc-
cessive spaces away from the center or in toward the center will be

Many vanations and combinations of rules are possible Some rules

may determine the location of each block precisely while others per-

mit several placements Here is a sampling of other rules

Any building may be placed anywhere in the city except inside the
green loop which is the park

Any number of builldings of any color may be placed in areas which
are bordered by either two or four colors No buildings may be
butlt in the other spaces

y be placed in any area which is bordered by a loop of

A building M.
lor, except that no building can be placed inside a loop

the sameé CO
of its own color.
Any number of buildings of any color may be placed in any area,
axcept that no building which is the color of the boundary loop on
one side of the city is allowed (One could choose a north, south,
east, or west boundary or could decide it in relation to the position
of one person at the table)
Four-story buildings of any color are allowed in the black loop No
building may be built outside the black loop

Color Cubes 3

Chocse rine cupes
" 3-DY-8ix square

have cho
0n ted. green
green blue ana yellow as your co 3
MGt 100K Hike thes ” 1 your colors your square

o1 B3Ch o Kour ditferent colors Ar
0 that the colors

i both direct

Tell you !
YOUr Duriner 10 1ook away Remove ane cube from the corner

Can your partner tell wnat 15 missing >

Take w0 Of thiee Cubes away
Can your partner put them back?

Can i
You think of oiret games that might be played wiin 1his patte

—_— —l]
COMMENTARY: COLOR CUBES 3

The pattern created by alternating cubes of four colors is more
complex than a simple two-color checkerboard pattern and yet is
structured sufficiently so that most children have little difficulty with
one-, two-, and even three-cube removals.

There are several ways to play the game. You can remove a cube, or
cubes, and ask the child what is missing You can remove several
cubes, mix them up, hand them back to the child and ask him to
replace them in the pattern. You can remove single cubes from
various parts of the pattern or a number of adjacent cubes

One thing which quickly becomes apparent is that it is possible to
remove so many cubes that the sense of pattern is destroyed, and
the task of replacing or identifying missing cubes becomes either a
memory task or an impossible one. Children may enjoy exploring
Just how much distortion the pattern can withstand before it loses its
distinctive properties

Setting the pattern up on a turntable and rotating it slowly as children
attempt to identify missing cubes may actually simplify their task

This is an excellent game for children 10 play with each other. and
one in which they can easily set problems for you When children set
problems for one another. they often have a tendency 1o destroy the
pattern rather quickly by making wholesale removals and by maving
cubes It may be desirable for you to play this game with them long
enough for them to get a sense of what 15 passible with less drastic
removals or rearrangements

s1



Color Cubes 4

P the pattern of cubes s suggested on Card 3
Hera is & game which can be played by using imaginary glue
Pretena that two cubes which are side by side are glued logether
Remove them both Turn them around and put them back

Can your partner tell which cubes have been reversed and tutn

hem back to place?

Take out 4 square of lowr glued cubes and turn it around
Can your partner put Ihem back in place? ‘

Can you make up harder “glue probiems?

COMMENTARY: COLOR CUBES 4

The "“glue rule” problems can be extended to provide a challenge for
almost anyone. Children may need considerable practice with rela-
tively simple problems before going on to more complex ones. Gener-
ally speaking, reversals on the edges of the pattern are easier to
detect than those within it It is important that children be given a
chance to devise their own strategies for locating the displaced
cubes. Some children, even after a good bit of time, may be unable
to find out where the trouble is. You might then suggest that they
focus on one quadrant of the pattern, or suggest that they see
whether particular rows or columns are in order It is often surpris-
ingly difficult to determine exactly which cubes are involved in a
rotation even after the general area has been found.

Four-cube rotations are especially difficult for many people. It cannot
be stressed too much how important it is that children have time to
think: often. when several children are playing together. the onlookers
make comments such as, “Oh, that's easy, | know what it is,” or

Come on, Billy, that's a snap.” It may be useful o remind these
critics that many problems seem easier from the sidelines than they
do from the vantage point of the player, but perhaps the children will
learn more tolerance when their turn comes and they find out that
things are not as simple as they appear Having all children close
their eyes when the rotation 1s made is another way of overcoming
this problem

Children may discover spontaneously that it is possible to rotate
cubes not only in the horizontal plane but also vertically —that is, to
flip them over If the student has become used 1o thinking only of
harizonlal rotations, a three-cube rotation (corner cube and the two
adjacent edge cubes) involving flipping over the "L can be baffling

A still more complicated version of the game involves double rota-
tions. For example, a block of six “glued” cubes might be rotated,
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and then four cubes from within the six-cube block might be rotated
again, the student's task being to return the cubes to their original
position in two moves. (There are at leas! two ways of doing this )

You will find it helpful to use a reusable sticky material, such as Hold-
it or another plastic putty, as real glue. This is especially useful for
removing and rotating cubes on the inside of the pattern or in groups
of four

Square Coior Cubes pattern with
one biock of four fotated

alocks missing 0™
5 square Color Cubes

Three pieces have been

fogether This pattern ca
be restored in one move

paftern

Color Cubes §

Hera s the beginang of 4 trany
Tule - ofe of many which coyla

Try 10 compien

® o ransiormation with the cubes befors goin
the card 54

—

COMMENTARY: COLOR CUBES 5 AND SA

This card, in both content and format, is unique ameng those in these
series so far. It does not attempt to present a problem as such; it is
designed, rather, 1o show students a fascinating property of this pat-
tern, namely, that it transforms into other patterns which are related
1o the onginal

After the fifth transformation, the pattern comes back to the original
Some students may be interested in speculating about why this is so
they might want to follow particular cubes through the entire
sequence of transtormations, perhaps labeling them in some way

One property of all the patterns emerging from this transformation
fule is that they retain a symmetry with respect 1o the main diagonal,
top left to bottom right. That is, if you folded diagonally a sheet of
paper which had a diagram or picture of the cubes at each slage you
would find that red always folded onto red and yellow onto yellow,
while green folded onto blue. Why?

There are many other rules which can be invented for making trans-
formations




Color Cubes 5-A

1 you have compieted the ransformabon piclured on Card § correctly.
according 10 our rule the new pattern will ook like this

Using Ihis new paltern as a starling place apply exactly the same

tAnsformation rule 1o obtain & third pattern Using the third pattern

as a starting place make & fourth pattern according 10 the same rule

then a hith and a sim
What happans each timn? |
What happens the final time?
Wry?

Can you invent otner ransformanon ruies?

Color Cubes 6

Make the si-by six four-color cube pattern as you did for Cards 3 i
and 5
Divide the pattern in hall down the middle

What do you notice?

‘ Divide each of the halves in hall You now have four quarters of the
onginal pattern
What are some of 1he things you notica about this arrangemaent?

Push the quarters back together 10 make the whole pattern

Can you discover Other ways of dividing the pattern?

Make the four quariers again Stack them on top of one Mave your
partner look At the tower you ve made and see whether he can fligure
| out from looking ail around if. what color cube 1s under the center one
in the top layer
What cube is under that one? On the bottom?

When the four Quarters are stacked there are nine slacks of four cubes
| @ach Ara the cubes in any of these in the same order? How many

diMerent arrangements of cubes are thers in these nine stacks? You

might want o separate the stacks into groups of stacks which are alise

Remove the four layers caretully and put them on Ihe table

Can you push them back inta the original pattern?

COMMENTARY: COLOR CUBES 6

The activities suggested on this card show the student that there are
many ways of looking at the pattern, of breaking it into segments One

method of division which is not suggested on the card is to make
nine small squares of four cubes each. Students might also want to
explore what happens when the pattern is divided diagonally in
various ways—resulting in a steplike diagonal edge

Students who are quite familiar with the pattern, who have observed
closely the four quarters, may find it fairly simple to figure out which

cubes lie under the center top one when the segments are stacked

There is another interesting feature of this particular stack, if the
four quadrants have been placed on each other without any of them

being rotated. If you look at the four corner piles, you will notice that

they are identical: perhaps they are, in order, red, yellow. blue, and
green. If you now agree to say that these same colors appearing in
inverted form, green, biue, yellow, and red, are really the same order
then among the nine stacks of cubes there are only two different
orders of cubes—something which is quite surprising
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mum‘ﬂf: COLOR CUBES 7

is a pairing problem similar in structure to that suggested on
This ‘ks Card 17. There are six colors, including black and white
A me can be paired with five others (6 x 5), but half of the pairs

are duplicates.

constructing these patterns, students probably will find it necessary
In <at the cubes out in some orderly fashion to keep track of what has
L n done. Here is one such systematic arrangement

i (E e
B N (] ] :
. :
| un N 2
5] .

There are enough cubes in one sel 1o make all the six-color combina-

tions. Students who try to solve this problem with more than six
colors will have to work out another system of representation or will
have lo generalize what they have already learned from the previous
cases

Color Cubes 8

5 s "
UPPOSC yOU have two Cubes of diffarent colors - & red one and & yeliow
one

T "
DTS 418 1wo Wy of putling them in rows 1ha red one can go st

| = ] o

oo

" you n
YOU Nave thrae cubes of difterent colors - far example if you add
Blue cut 16 the red and yetiow ones —thare are more ways of making

a line
How many different ways are there of BUIING INee Cubes in 4 row?
(A 10w 15 dillerent even i1 b,

o the yellow one can go first

feverung it you Could make it Ihe same
8 another row ) Set out all the Postidle ordenings of three cutes of
difterent colors

How many ditferent WayS Me there lo put four cubes i rows? (You
€an make these rows if you use two sels of Color Cudes )

Can you diacover  way 1o predict the number of possibie rows 1o
ANy particular number of cubes without actuslly uping Cubws?

COMMENTARY: COLOR CUBES 8

Card 8 contains a hint which may lead children to work out a way of
analyzing the problem of ordering (permutations) with any number of
cubes. Since there are two ways of ordering two cubes, and in each
of these there are three possibilities for placing a third cube, there
are six (3 x 2) possible orders for three cubes. If four colors are used
there will be four possibilities for placing the fourth cube in each of
the six three-cube arrangements—4 x (3 x 2)

Children should be encouraged to make all twenty-four possible
orderings for four colors of cubes They will need two sets of Color
Cubes to do this. It will be difficult for them to determine whether or
not all the orderings have been made unless they proceed systematic-
ally Those who are successful in developing a systematic approach
may be able to analyze what they have done. Students who keep
track and make sense of what they have done are {requently excited
when they recognize the general principle by which they have been
operating



Color Cubes 9

Choose cubes of three dillerent colors. for example, red blue and
white

How many ditterent sets or subsets can ba lormed using thres or lewer
cubes? (Changing the order of 1he cubes does not make a dilferent
subset

O subset mouid b i tres cubessogerner | [~ ] (2] [*]

There are three subsets of 3ingie cubes

Can you mane three subsets of pars of cubes?

b Ao Ao

One subset would Include no cubes 3t all' (|

Counting the subsel wilth no cubes in it and the st which has all 1hrea
cubes there are #ight sels 8nd subsels possible when you have three
cubes

How many ways are there of 1orming subsets with four or lewer
cubes?

Choose tour calors and make theso subsels
| Does 1his remind you of anyihing you have done betore™

When you have arranged all the subsets ol four of lewer cubes. loave
thase on the 1abia 10 ba used for Ihe next Card

Can you calculate (on paper) how many subsets of cudes you could
make i you used live colon?

COMMENTARY: COLOR CUBES 9 AND 10

Cards 9and 10 p problems g cc 's similar to
the problem given in the city-planning game on Card 2. The differ-

ence is that in the city-planning game there were a number of duplica-

tions Card 10 should help
combinations and city planning

see the relat h d

Although the problems presented on these cards have dealt with
combinations of values of A Blocks and Color Cubes, students may
begin to see that the same kind of reasoning applies to sets of all
kinds. Combinations can be made using any collection of objects

Mathematical Footnote to Color Cubes

The number of subsets which can be formed from a set with a given

Color Cubes 10

Begin with the subsals of four of lewer cubes that you had at the end of

| Card § Choose four loops 1o match (ha colors of the cubes

Place tha loops in the four-100p pattern

Suppose Thal this 18 another City-planning gama, but the buildings ara
already constructed Your job 18 10 place them whera they beiong

Do you have encugh buildings to ll 1he spaces?
Are there some buildings lefl over?

With one loop there are two possibilities (2')

number of elements can be expressed as powers of 2, p ded

empty sets are also counted Students who have been using the loops

will be familiar with the following
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With two loops there are four possibilities (2%)

()
X 6VA

With three loops there are eight possibilities (2%

. ——
1{2Y3

a4 )]s 817

gl oo}

12 Ji3\i4f15

with four loops there are sixteen possibilities. (24

The six duplicate spaces can be eliminated by pulling

the loops to one side

Another way of viewing this is to consider the number of subsets
which can be formed from a set containing a certain number of ele-
ments If there are three elements, for example. there will be one
subset that has no elements, and also cne subset with three elements
There will be three subsets with one element and three more subsets
with two elements

If one chooses three colors of cubes and forms all possibie subsets,
these subsets can be placed in the three-ring pattern directly

1 (empty)

2 red

3 blue ¢

4 yellow

5 red-blue vﬁv
6 red-yellow v

7 blue-yellow

8 red-blue-yellow

Analyzing the number of possible subsets for a given number of ele-
ments can be a challenging but rewarding undertaking. The tabulation
of these possibilities 1s known as Pascal's Triangle

Number of Number of subsets having the
elements in set tollowing number of elements Total
0 1 2 3 4 5

0 1 2 1
1 11 2's 2
2 | 2 2= 4
3 1 3 3 1 2 8
4 4 1 2' =16
] 1 § 10 10 5 1 2 =32
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Color Cubes 11 Color Cubes 12
| | This 1s a gama for three four, live of $ix poople

Each person chooses a color and plays in turn

The object of the game s 10 gel Thiee pleces in a row

vonsootsty [T 1

This 18 2 game for two people

Each player ¢hooses one color and takes all the cubes of this color The
first player puts one of his cubes on the table The second player can
play one of his cubes on any side of the hirst cube

vertically

of en any cormer tiut
! must be touching one
of the cubes already played

or
dragonally

It is imporant that each player place his cube in turn
| Hora s an unfinished three-in-a-row game

o, CLTT] | o

The object of the game is to get four Cubes of the sama color 1n & Fow —

vartically
' [~] Ts]
' (=]
|
| Yetiow will win Thes game uniess blocked by both red and black
diagonally
This game is also interesting when played with the varration of atlowing
n addition 10 the

or |
|
‘ three other Ihree-in-a-row possitilities

l ihe Ihree cubes 10 be stacked one oA top of anoth
|

The fst person 1o gel four In @ row is he winner

COMMENTARY: COLOR CUBES 11 AND 12

The game of tic-tac-toe, played on a three-by-three board, is an old
favorite The characteristic which makes it interesting, and ditficult
for children at first, is that a successful strategy requires shifting
between offense and defense Children tend to play either to win or
not to lose and they have trouble trying to do both in the same game
Tic-tac-toe gets 1o be a dull game because neither player can win if
no mistakes are made

The four-in-a-row game with Color Cubes needs no board It1s an
interesting vanation of tic-ltac-toe and provides fresh opportunities
for analysis Children are often more likely to discover winning
strategies when they play a number of variations of these games

Three-in-a-row with two players 1s a very dull game and has not been
suggested on the problem cards It might be interesting for children
to discover this for themselves

Three-in-a-row with three or more players 1s an interesting game of
strategy Players will soon realize that they have a choice of which
person to block and that it often takes teamwork to keep a player
from winning When there are more than two players, it becomes
necessary to think several moves ahead and to make the plays which
will be favorable in the long run When players are familiar with the
game, it will be more interesting to have a series of games to deter-
mine a winner, since the order of play strongly influences the out-
come

four colors. Take lour cubes of rach color Arrange them 0 that
choos? iy e cube Of each color in each row and only ane of each
o c

ner
:oh-l 1 gach column

are arrangement in which each raw and calumn has one ang only
Any 30U for is called 3 Latin square
of wach co
one cube

siing Latin 8quares wilh the Color Cubes
Try ™

e patierns in your Latin squares
Study the €010

Inare oifferent kinds of Latin squares?
Are

{he numbse of colors in each quarter of the lour-by-four Latin
count

square
Gan you make four-by-four Latin squares which have two colors in

oach quanar?
Tnree colors?
Four colors?

\whal 00 you notice adout the diagonals?

Color Cubes 14

Mase Latn 3q
colos

th thir
3 with thres colors of cubes and thiee cubes of each

What >
#1190 YOU Rotice ataut ihe aiagonaly

Move 1
" Gniire hest column 30 that 1 becomes the third cotumn

00 you 344 havs & Latin square?
Move ine antire st row 50 1nat 1 Becomes the 1hird row
00 you suil nave 4 Latin square?

What happenad 1 the oagonals in oacn case?

1
¥ INeie 1ame things with a 1our-by-lour Laiin squ




Color Cubes 15

Chaose live colors and lake five cubes of each color Make a Latin
aquare with thee cubes

D1 you @2 1t by 118l ang etror or have you worked out » system?

Use all six colors ang six cubes of each color Make a Latin square
with these cubes

11 you shift rows and columns will you stii have a Latin square?

Can you regain your lirst arrangament by continuing 10 shilt rows and
columns?

Color Cubes 16

Make a Latn square using four cubes of each of four colors Sot it
aude Now make a different Latin square using the same four colors that
you chose for the firs! Latin square

I3 it possible 1o place the second Lann square on top of the first in such
8 way thal no two pairs are repoated? A biue may be on top of a req
and a red may be on top of a blue. but there cannot be more than one red
on a blue of blue on & red Only one pair can be made with a cube on
another of the same color

This problom can be done with some kinds of Latin squares bul not with
ofhers 1t will help you 1o keep a record of the kinds of Latin squares
tnat will fit fogether in this way

i you are abie 10 do this problem you can use your $0lUtioN 10 soive the
prablem suggested on A Blocks Card 39 Use ona of your Latin squares 1o
map the color of the A Biocks and the other lo map the shape (For thiy
problem you will be using all the small A Blocks of all the large ones |
To map color, you can simply let the colors of the cubes refer to the
samo colors of the A Blocks

In ordet to map shape you will need 10 581 up some kind of code For
example you could let red stand for square green for tnangle. biue for
circle._and ysllow for dismond The two separate Lalin squares made of
Color Cubes will determine the Latin square of A Blocks if one Color
Cubes Latin square can be placed on the ofhar one without repeating
the painngs.

Even if you are not able 1o soive this problem go on 10 the next card

 unable 10 soive the problem suggesied on Carg 15 you
ras Th I
W you 10 work it backwards Ty the problem suggested on A Biocks
P ""'m 13 1o make 8 LOUD SQUATE (USING either the smail or the
. ;ﬂcv.ﬂ 4o that there will be one block of sach color in each
”u- ‘qach column. and 8180 ONe BIOCk of ¢ach shape in each row
and mn Then make Color Cubos Latin squares. one 1o map
to map the shape of the A Biocks Latin squares

nave bee!

m can be solvad Do not be discouraged if you are unabie 1o do

o
on ou attempt it

Tris P
(1 iha first Bme ¥

this, study the types of Latin square that you
able 10 solve
o you o°®
(ney aifferent I
are
:aI: ine Color Cubes?

om oiher Latin squares which can be made

reached 8 s0Iullon 10 the A Blocks Latin square problem, you
ot you "":n {ry & Latin 5quare with Ihe Peopie Pieces as suggested on
A "‘Zoc's Card 18 Save the Color Cubes Latn squares that you have
1o map {ne A Blocks u:n wu-l: They can aiso be used 1o deter-
h the Peopls Preces
ine 8 Latin $quer® -

column

COMMENTARY: A BLOCKS 39
COLOR CUBES 13, 14, 15, 16, 17

PEOPLE PIECES 15, 16

. uliﬂ square is an arrangement of elements (numbers, letters,

A elc.) such that no two elements are repeated in any row or
of the square. Any number of elements may be used so long
as each appears once in each row or column.

Latin squares with Color Cubes present a wide range of complexity
M“‘ pe introduced to younger children by using just four cubes,
{wo each of two colors. There is only one way to make a two-by-two
Latin square, and it will still be a Latin square if rows and columns

are shifted.

A three-by-three Latin square may not be much more difficult for
young children to make There is just one basic type a solid color in
one diagonal and three colors in the other Rearranging rows and
columns will change he color of the diagonal but will not destroy the
Latin square.

The four-by-

the Latin square problem with A Blocks and with People Pieces
depends upon ¢choosing certain types of Latin squares, it may be chai-
lenging for students to analyze some of the patterns. There are twelve
types of four-by-four Latin squares, and a good research problem for
older students would be to find ways of telling them apart. In this case
the useful attributes are not single qualities, but rather patterns of

four Latin square is much more interesting. Since solving

color or numerical rel. ps. One way of ] g one Latin
square from another is to count the number of different colors in each
Quarter of the square. This is only partly helpful, however, because
there are three Latin squares which have two colors in the quarters,
four which have three colors in the Quarters, and five which have four
colors in the quarters Counting the number of colors in the center
block of four gives additional information and, considered with the
number of colors in the quarters, helps to distinguish the squares
somewhat more precisely

Another useful way to tell four-color Latin squares apart is to draw a
diagonal line on the pattern where two or more cubes of the same
color touch at their corners. Each of the twelve squares has a distinc-
tive pattern which is revealed in this way

There are two types of four-by-four squares, as shown on page 62
five of one type, seven of another The problem suggested on Color
Cubes Card 16 can be solved if the two squares in the first row or any
two of the three squares in the second row are used. Any one of these
five squares can be transformed into any other one by rearranging
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rows or columns. For example, in the second row, the first pattern
can be transformed into the second pattern by moving the tirst column
50 that it becomes the third column. Students may be interested in
making up a notation so that they can tell how 1o get from one pattern
to another one. (One notation for the move suggested could be. )

Any one of the second type of square can be transformed into any
other of the seven in a similar fashion, but no amount of rearranging
of rows and columns will transform a square of the first type into a
square of the second type oOr vice-versa

People Pieces 1

ik 1l e Peopie Pieces box Dul do nat iook 81 the piaces
ol 1ham out and put 1 in tront of you on the table
Canvou descrive 2

Can ¢
4N ¥ou predict what some of Ihe other preces will 100k like?

Take ool ano

450 bl another Diece and put i on 1ha abie

Can you now m better prediction ab. m

Maw make @ better prediction aboul [l n

o 0ul 30me of Ihe remaning
Take out the rem,
2 ' 1#MAINING Pieces ane Bt ime ang put them i from of Fou
#hap ¥ou can put 1

! pattern Each ume you t
'@ Of what the (em,

* e 1y 10 improve your menta: pectur 3

MY B ke Wen hve or six pioces

| the o5t of the set complates
whether you were ngnt

Ng pisces
Oul. see if you can Oescribe
It Then take oul the ather pieces ana see

What can you think of 10 g6 with 1he piaces?

Can you invent some gamas?

COMMENTARY: PEOPLE PIECES 1

This card presents a task similar to that of generating the set of A
Blocks, described on Card 1. For younger children the same method
of introducing pieces that was described in the Commentary for A
Blocks Card 1 may be used, excepl that it is probably a good idea to
start by showing the children one of the pieces

In some ways the People Preces set may be simpler than the A Blocks
set While there are four attributes instead of three, there are only
two values tor each attribute. The main difticulty with People Pieces
seems 1o be that of terminology The words children tend to use
spontaneously to describe the pieces refer to more than one attribute
‘man.” “woman.” “boy.” and “girl" all refer both to sex and to age
When a child uses the word “"big,” he may mean fal, he may mean
tall, or he may mean both fat and tall

Itis important that children have a chance to play with the pieces,
to invent games, and 1o sort out the various features of the pieces at

their own pace, facing the problems of terminology only when these
become relevant

We have used the following terms for the attributes and their values

Attribute Values
color red, blue
age adult, child
sex male. female

girth (latness) fat, thin

Children may be ready to use a standard vocabulary alter lrying some
of the activities suggested on Card 2

&3



People Pieces 2

Put aut all the People Pieces on the table

What are the atrabutes of this set?

What are the values of tho sttributes ?

SUCh that all the preces in & subset alike in only one way

How many pieces are there in a subset that contains pieces which are

To halp answar these questions. it may be usatul 10 1orm subsets of preces ‘
alike in only one way?
|

How many subsets are there of pieces which are alike in anly ane wary?

COMMENTARY: PEOPLE PIECES 2

While children may have trouble with the terminology for the People
Pieces, they seldom lack ideas for things to do with them. Many five-

People Pieces 3

Choose two atlribules You might choose colar and age, sex and fatness
| ot any olher combination of two allnbutes Make subsets which contain
| pleces having one value of each of the chosen attnbutes If you choose

color and age, the pieces in each subsel will have the same color and the

| same age

| How many subsats are there?

Practice making these two-alinbule subsels until you can do it easily

ibutes each subset has in common

Ask your panner 10 identity
1f your partner makes two-aliribute subsets. can you identify the atiributes
he is using?

How many different two-sitribute subsets can there be with the

Peopie Pieces?

[

L

COMMENTARY: PEOPLE PIECES 3

Six two-attribute combinations can be made from the four-attribute
People Pieces set. It will be helpful for you to be aware of the possible
as you observe the groupings the students make

year-olds have spontaneously formed the single-attribute sub sug-
gested on Card 2. Sometimes they have formed subsets of People
Pieces that have only one diff, , that is, three- subsets.
Often they invent a story to go with what they have done: “The fat
people are all going 1o eat at this table.” “The fathers are taking the
boys on a trip.” “The boys and girls are playing. Sometimes children
group the pieces into families: perhaps the fat red parents have fat
red children, or, on . the fat red parents have thin
blue children. (Children often delight in exploring improbable genetic
combinations with these pieces!)

After playing with various subsets, children may be able to form
others "by eye" before they are able to say in words what the attri-
butes and values are

color-girth color-sex girth-sex
color-age girth-age age-sex

Students will probably arrive at the conclusion that there are six
possible two-attribute pairs by making them. Some may approach
the problem more analytically. One way of thinking about the task is
to recognize that each of the four attributes can be paired with the
three other attributes

color-sex age-color  sex-age  girth-age

color-age  age-sex . sex-color girth-calor

color-girth age-girth sex-gith ~ ~——___ girth-sex
~

There are 4 x 3, or 12, possibilities but because half of them are dup-
lications, there are only six different pairings possible

Younger children will frequently discover two-attribute subsets as
they make up stories about the People Pieces. Some children may
be ready to talk about their stories, and may be pleased o have you
listen in, suggest modifications and extensions, or tell stories of your
own. It you told a story about the fat children eating lunch together
children might then readily form the group of fat children in which
girth and age are the common attributes. Another story might be. “If
these people (the fat children) are going to ride in one car. who will
ride in the other three cars?” It is not necessary, of course, lo have
stories for all groupings. If you form one set of pieces that have two
attributes in common, children will semetimes spontaneously form
the other three sets of pieces which share the same two atiributes

People Pieces 4

Make three-atinpyrg Subsets

W
1he Ihres attributes you have chosen are

1he pieces in each supser MUt b alike
aitlecance will the piaces in 5 Subset havy

©loc sen. and age then
" Color, sax. and age Wha
07

Practy
<1 MANIRG thrse-attrivute supsets ang

YOu? parinar has mace unti you can go |

Which 819 shared by the pces in the su
Gifarences

identitying subsets which
1 0asidy Name the atintutes
DRets 5 woll a8 the Comman

COMMENTARY: PEOPLE PIECES 4

?uppose you place a thin red boy with a thin blue boy and say,

These people are going to walk together.” If you then take another
piece, a fat red girl perhaps, and say, “Who will walk with this
Person?" many children will know right away which piece to choose
and will form all the other pairs. They will have formed three-attribute
subsets by dealing with information given in the first pairing simul-
faneously, not by saying to themselves, “These pairs must be alike in
sex, age, and girth. " if you or the children have been led by the sug-
gestions on the card to make such a sequential analysis of the attri-
butes shared in each pair, it might be useful to do the problem again,
making pairs as rapidly as possible without trying to name the attri-
butes. You may sometimes find that you can do this quickly and easily
by eye, without using words. It is a commaon experience, however.
that sometimes one's "simultaneous awareness' fails, and sequential
analysis is needed to prevent or correct errors. Students working
these problems can learn to solve many problems quickly and easily
but they may also discover that there are times when it is important
10 analyze what has been done, step-by-step

Itis often not obvious, even to students with considerable skill in
handling three attributes simultaneously, that it is useful to focus on
the common difference instead of on the attributes which are shared
Since the pairs will be alike n three out of the four attributes, there
will be one attribute which the pairs will not have in common. If a per-
son needs to give imself instructions for making these pairs it may
be easier t0 say. “They must be alike except for sex, than 1o say,

They must have the same color, the same age, and the same girth. "
Readiness to consider differences as well as likenesses is useful in a
wide range of problem-solving situations



People Pleces 5

Lay out twa overlapping loops Label ane loop with & valus of one
bute

alfribute and the oiher 1000 with & valug of & cilferant

For example

L2 O

L —t

Gan you tell which Peopls Pieces will go in each space before 1
you put them in?

You will have tat biue peaple. fat peopie that are not biue. biue people i
1hat are nat {at, and peaple that are neither biue nor fat

Try this two-00p problem using different values.

Here is & game which you Can play with 5 paninar Choose two label
cards and place them blank side up next to the loops Your partner |
must discover what the iabel s for each 100p by Irying cul pieces in any

of the spaces You are aliowed 10 say Only yes Of N0 of might of

wiong r

COMMENTARY: PEOPLE PIECES 5

These games are analogous to the ones suggested on Card 29 in the
A Blocks series The ideas are presented rather more directly, since
students should be able to recognize their similarity to the ideas in-
volved in previous loop games.

In using People Pieces with younger children, and perhaps older ones
too, it may be helpful to spend some time naming the pieces accur-
ately. For children who can read, it might be interesting to place the
value cards as follows

Red — Fat — Male — Adult

x 2 x

Blue — Thin — Female — Child
All sixteen pieces can then be named by reading from left to right,
following the various arrows.

Older students may be interested in working out a way of symbolizing
the names they have used so that they can keep track of what has
been named and what has not If the values in the top row are repre-
sented by 0's and the values in the bottom row by 1s, the number
0001 would represent the red fat male child. A similar use of binary
notation is suggested in the Note on page 72

People Pieces 6

The kind of game suggesled on Card 5. involving two (0ops. can alsg
be played with thiee loops

Can you name the preces which telong in each space without actually
putting them there?
Will one of the spaces conlain Thin, blue adulls?

What are the names of the other spa
Set up the l0ops and place the pieces as the labols require
What happens If you label two of the loops with values of the same
attribute (lor example. thin and fat)?

Here is & different game Choose three value cards They may all be values
of different attributes of two of them may be values of the same aliribute
Label the thrae loops with the three value cards and place the pieces in

I Ihe appropriate spaces Turn the cards face down Your partner now
tries to name the cards by looking at the pieces in the loops

A more challenging version of the game can be played if you label the
loops then have your pariner test various pieces 1o find oul where they
belong Hrs task 13 fo identily the labeis with as few trials of pieces as

| possible

| S

COMMENTARY: PEOPLE PIECES 6

This problem is directly analogous to the one presented on Card 31
of the A Blocks series. Students should. with a little practice, be able
to name the subsets before placing pieces in the spaces formed by
the loops. For the problem suggested, for example, there would be

thin red adults

thin adults that are not red or

thin blue adults

red adults that are not thin or

fat red adults

adults that are not thin or red or

fat blue adults

red people that are not thin or adult or
fat red children

thin people that are not red or aduit or
thin blue children

people that are not thin, red, or adult or
fat blue children

thin red people that are not adult or
thin red children

Since there are only two values of each attribute in the People Pieces
sel, each negative statement can be converted into a positive state-
ment. In the A Blocks set this is true only of size, since each of the

other attributes has four values. If one of the People Pieces is not red,

then it is blue, if it is not an adult, then it is a child, and so on. Stu-
dents who are not confident in handling negative information may
find it helplul to make some negative cards, N-Blue, N-Thin, etc

When two loops are labeled by both values of an attribute {adult and
child, for example), the intersection will be empty because there are
no pieces which are both adult and child

roblem of determining the labels on the cards which are face
!". peside the loops is the same as that suggested on Card 35 of

{ ks series. Because there are fawer pieces and because
only two values of each attribute, students may find that
‘handle this problem even if they have had difficulty with the

ous A Blocks problem

e
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People Pieces 7

0N 01 1h6 Paogie praces

s req
5 0ot tar
153 fomaiy
00 & chilg

Wk one iy 17

This Game can be playe i

b o Several ways One piayer can give the in
wﬂnmn ez 8bave form o the second Player can ask his own ques
D% interesting it the one who answary responds with all

"
YO 01 N0 answers, as wail as with COMBINALGAS of the two

:’pr;mm 12 aep L7k of he information each question has

red pieces ,wr:":"dm that the pieca s red you can put ail the

out the thin 1o ¥0u find out tnat i 1 o It you can separate
Plsces. otc. T playing tha game s way severai tmes

Can you play the gam,
them? Game by looking a1 the preces but nat louching

4 Y04 Diay the Game with your ayes cioseq?

COMMENTARY: PEOPLE PIECES 7

This game is similar to the one suggested on A Blocks Card 18. Those
wﬁu have been able 1o Play that one successfully are not apt 1o have
difficulty with this variation

67



People Pieces 8

Choose any one of the Peaple Pieces Put this pisce the hey piece on
the table Below it mate & fow of all the pieces that differ from it in
One way, another row of those preces that differ from it in two ways.

a third raw of those thal differ from it i three ways. Bna a fourth

row of those that differ from (1 in four ways

Each row i3 8 subsel of the People Fieces set The subset of pieces that
cifter in no ways from 1he key piece contains only one prece the key
pece!

How many pieces are there in each of the other subsals ?

Can you ihink of & good wiy 10 check whether all your subtels are
correct?

COMMENTARY: PEOPLE PIECES 8

This problem generally requires step-by-step analysis; it is easy to
get bogged down attempting to solve it all at once

The analysis i1s not difficult There are four pieces which differ in one
way from any key pieces, one difference for each of the four
attributes

One Difference color
sex
age
girth

There are six pieces which differ from the key piece in two ways It
may be helpful for students to recall the pairing which they did in the
problems suggested on Card 17 of the A Blocks series or Card 7 of
the Color Cubes series. There are six ways of pairing four attributes,
just as there are six ways of pairing four blocks

color-sex
color-girth
coler-age
sex-girth
sex-age
girth-age

Two Ditferences

There are four pieces which differ in three attributes from the key
piece One way of thinking about pieces which differ in three ways is
to recognize that there will be one attnibute in which they are not
different

Three Differences color-sex-girth (same age)
color-sex-age (same girth)
color-girth-age (same sex)
sex-girth-age (same color)

There is only one plece which is different from the key piece in all
four attributes.

If this problem proves too difficult you can suggest that students try
it with half the set. all the reds, or all the males, etc

ST I
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li 0 L
color- color- sex- sex: 1rth=
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People Pieces 9

Choose any two pioces al random and make a pair Gut of them
How are they aterent?

How are they ke ?

Make other pars 5o that the preces in gach par are alke in the same
ways thal those in 1he first pair are If the preces in the first pair are

alike (N AGe and sex, the pieces in all the other pairs ghould be alike i
0@ and sex The pieces in your lirst pair may be alike in o ways. in one
way. in two ways. Of i Ihree wiys Practice making pairs until you can do
1 eanly with any number of Iikenesses

Pair all the preces according 1o 4 fule which you have chosen All the
pieces in gach par must be alike in three Two. one. of no ways Place
one of the preces. in each parr 6 10p of the other

Can your partner teil by looking &1 what 1s undar one piece. whiat it
under all the others” Thal is. can he discover the fule you have used
for making pain?

Flay the game when {hare are one two, three and four differences
betwoen Ihe pieces In 0ach pait

I @l the pieces Are in PAYS BCCOMOING 10 SOME fule. can you tigure
out the rule just by kocking at the fop Pieces. without uncavenng the
Bolom gece in one par first?

COMMENTARY: PEOPLE PIECES 9

Determining the bottom piece in each pair after having seen the
bottom piece in one pair requires awareness of the pairing prin-
ciple When the pairs have three attributes in common, most
students will be able to name the bottom pieces quite easily. The
task may be harder when there are only one or two attributes in
common or when there are none

When students are thoroughly familiar with the concept of syste-
matic pairing, they may be able to discover the rule just from
looking at the top piece in each pair, without having uncovered
any of the bottom pieces. There are some pairings for which this
is not possible. For example. if all the red pieces are on top, any of
the blue pieces might be under any of the red pieces. that is, all

you know for certain about the pairing rule is that it involves a dif-
ference in color. On the other hand, if seven red pieces and one blue
piece were on top, you would be able to delermine the rule, because
you would know that a red piece must be under the blue one, and you
could determine from looking at the seven visible red pieces which
one it must be. If there were six red pieces on top and two blue ones,
you could not fully determine what the rule was, but you could narrow
the range of possible rules to two

People Pleces 10

Take all the adult Peopie Pieces
Make a pasr wilh any two pieces

Pait the remaining pieces s that they share the same likenesses and
aiftorences (Il yout first pair ditters just in color. the remaining pairs
should differ in cotor only )

Place one member of each pair on top of the other

Can your pariner tell what is under each ane of 1he cover peces before
he takes any of tham off?

Here are three problems involving just the adull pieces Assuming that
they have been paired systomaticalfy. can you toll what will be under
each piece? In one of these groups there is not enough information 1o
salve the problem

o1 [

o
-

-
=

;» ﬁe
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Try this with & different subset of @:ght pieces You might take all the
bives or all the 1al psople or all the children

Can you predict which problems can be solved and which cannot?

COMMENTARY: PEOPLE PIECES 10

The first two problems given on Card 10 provide enough information
so that it is possible to tell which piece is under each cover if you
know that all the pairs share the same likenesses and differences

The first problem has two men and two women, two fat people and
two thin people as covers. The key to the solution lies in realizing
that one of the covers is blue while the other three are red Reds must
be paired with blues because if reds were paired with reds and blues
with blues there would be six reds and four blues, whereas you know
that in the subset of adults there are four reds and four blues The
piece under the blue cover must be red. and the only red piece that is
not visible is the fat red man. Color i1s therefore the common differ-
ence in these pairings

In the second problem there are three women and one man, three thin
people and one fat person, and three blue people and one red person
One can focus on the piece that is different from the other three in
any of these ways the man must be paired with a woman, the fat
person with a thin one. the red one with a blue piece, and for each

of these pieces there is only one possible choice since the three other
possible choices can be ruled out because they are cover pieces The
pairs must therefore differ in color, sex, and girth

In the linal problem there are two men and two women. two fat
people and two thin people, two red people and two blue people
Since there is no odd piece, the basis for the painngs cannot be de-
termined without removing one of the covers

Preces in 50ME SystOmatic way

na PooP'e

&
e & matrix 9t of them
o

[y
m
can YU
o5 50 INat 10 the rows. all the preces snare values
i ing e Er example girth and color. and in the columns
10 siiripuied: the two other alifibules. age and sex
o"':“, alues of

| the pieces which share three atinbutes
pset

o con b8 arranged in @ matrix?

pie

Hn,...d.mnnsmnar matrix?
make
can oY

ARY: PEOPLE PIECES 11
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who have worked through the A Blocks matrix problems
students familiar with this type of activity, and may form a matrix
Ihw“_" Pleces spontaneously. For those who do not, Card
the Peop!

some possibilities.
14 suggests

mensional matrix may prove challenging for anyone. It
be a matrix of four rows, two columns, and two layers
row would share common values, as would each column and
each PaIr of pieces in a stack. An arrangement of this sort can be
"M" so that all the pieces sharing a value of an attribute are
. For example. if all the blue pieces are on top, a horizon-
1l slice will separate the blue and red pieces, a different slice
wil the blue and red pieces, a different slice might
the adults from the children, or the males from the fe-
males. It is not possible, of course, to separate the values of each
in & three-dimensional matrix when you are using the
{ull four-attribute set of People Pieces. A subset having three com-
mon attributes can be arranged so that it is “completely sliceable,
however.

People Pieces 12

Chaose ANy Combination of 1

WG vilues Place th Sk v
share both of 1n ues Flace the lour pieces which

¥alues in & matnix Pisce the 1
9oup of ¢ -
P30 four 85 Whay correspond 1o the first mat

ainng pieces in

I matri
O MArx 18 made of fat adufts The others

H b thin adutts Tal
Chiaren. and thin chigren ’

o=

While your panner i not looking thange the position of two of tne
PIECes within any one of the subsets, or matr cas
Can n
"# i out which peeces you moved and put them Gack in place?
ain
x.l'chlm the position of two peces white YOUr BATINGY i3 NA! Ipoking
p;“m rl’;ﬂouv: ind out which sutiser You changed and then change
1% the other thies subsets to cor G
1850004 10 The new ar d
¥ou mace '

When afi four subsets are again smilar 16 one anciher you w
EW SIAMNgG point 107 playing the above games agan

Can you think of other kinds of

W have &

= Games that can te played starting
WIh 80, arcangement of four malrices such as that shown above?

COMMENTARY: PEOPLE PIECES 12

This card presents a problem which is not conceptually difficult
but which can provide a considerable challenge in scanning to
find differences. It also Suggests a game which can result in
Systematic transtormation of the original matrices into new ones

Games can be invented which involve transposing pieces among
the four mat Such t tions lead to a much greater de-
gree of complexity. It may be best to allow students to discover
the possibilities of these inter-matrix transpositions for themselves
if they are inclined to extend the suggested problems.




People Pieces 13

Lay out 1our l0ops ke this

Label ihe first loop wilh a value of an atiribute Label the second loop |
with & value of a different attribute One loop might be Thin. another

might be Bive. e1c Choose values of the other two afiributes io Iabel

he remaining locps

Now put exch of tha Paople Pieces in the appropniate Ioop or 100ps ‘

COMMENTARY: PEOPLE PIECES 13

This is an extension of the three-loop game with the People Pieces
which was suggested on Card 6. It may come as a surprise that the
People Pieces set with four attributes, each having two values, can
be placed into the patlern used for the “city-planning” game with the
Color Cubes. Even more surprising may be the discovery of which
piece does not go into the pattern. Students may, when they have
played this game several times, want to try predicting, for a given
combination of values of four attributes, which piece will be left out

Students can be led by this problem to an explicit awareness that
each of the values of the People Pieces may be thought of as a nega-
tion. For exampie, if one of the loops is labeled Red, some students
may find themselves automatically saying that the pieces that do not
go in this loop are the Not-Reds, and then suddenly realize that these
are the blues.

The pattern of loops suggested here eliminates the six duplicate
spaces of the patterns given on Color Cubes Card 1 A different ar-
rangement of loops which eliminates these six duplicate spaces is
suggested in the Mathematical Footnote to Color Cubes on page 56

72

People Pieces 14

Choose a valua for example red

Mako a line of all tha pieces which have this value and fhen continys
the line with all the pieces which have the other value, blue All the
reds will b 1ogethor, followed by all Ihe blues.

Now chaose anathar value for example maie. Within each of the color
subsets in your ine. the males should come belora the females That i
the first four pieces in the ine will be red males. the next four red
femaies, eic

Decide on a third value If it 15 adult, then within the subsets of males
and famales you have alraady made, the adults will come before the
children Finally. if you choose fatness as the fourth value, the lat req
adult male will come before the thin red adult male and so fonth

Starting a1 one end of the line, stack all sixteen pieces in order Have
your pariner iry 1o predict the pieces in Ihe stacking removing a pie:
23 soon as he has made a prediclion aboul the one under it

How quickly can he predict correctly?
Can you make up other rules?

Try ta invent @ way of wriling the rules 50 INat your partner can put the
pieces in order without talking 10 you about your rules

Can you slate the rules in words?

COMMENTARY: PEOPLE PIECES 14

The p of g this piece set in some systematic
way opens up a wide range of complexity. Students may find that
they can predict the next piece successfully, even though they can-
not state the rule. It is also likely that the person doing the ordering
will make some errors and this can be the source of profitable discus-
sion.

Note:

There are many ways ol describing the different orders, and devising
ways of analyzing them can be an interesting puzzle Here is one
way of recording the sequence which was suggested on Card 14

piece
number blue old thin male

1 1 11 1 The numeral 1 stands for
2 T 11 0 the presence of the given
3 1 1 0 1 value; the numeral 0
4 1 1 0 0 stands for the presence
5 1 0o 1 1 of its opposite
6 1 0 1 0
7 1 0 0 1
8 10 0 o0
9 e 1 1 1

10 o 1 1 0

1 0 1 0 1

12 0 1. 0 o0

13 o 0 1 1

14 0 0 1 0

15 0o 0 o 1

16 0 0 0o 0

Those familiar with binary notation will observe that the order of
pieces is given by counling backwards in base two

peen introduced on Coior Cubes Cards 1314, |5,
square? n-rﬂm” Card 39 You snould Be lamiliar with the
IJ""‘ gon A B e caras belore attempling & Latin square

b constructed using all sixteen People Pieces
n
are ver, there will be two of each color, two of sach sex
o m:‘.m.d two Of @3Ch Bg0 In Bach row BN in each column
n girt

oach

10 solve this problem. 1ry 10 tecall Row you have higured
pie 10 ason h oy
youare ¥ whil yOUr TA300ING WaS. Of ROW YOU went abaout i

ot wﬂ;z:: naies wilh SOMEON® 81s8 Who Nas been abls 1o solve it
and 00

jsed i 11 takes haurs or days for you (o solve this It
pontbe ""::. most difficult of the Latin square problems
1o be

ARY: P! OPLE PIECES 15 AND 16

pages 61 and 62 for commentary
plasse se¢

People Pieces 16

" You have been atig (o g
uguested on Card 15 try m,

® 1he Peopie Pieces Latin square proviem

4500 it with Co!
12 #3abish 4 Coge 56 that 4 o 0 SLCUOH You Wik nesd

$0O001 10 two values

5 bed Latin square corre-
L s i 0 Ihe Pecpie Pieces 34! One of the Coior Cubes
for the 1 11 U8 PAEGRd (01 1w, of e atributes 30d the other one
WO famaining attributes One such code might be as foliows
Frrst Latin square
(cotor ang Ill\_
™3-ted, femaie

Second Lavn square
(age ang ginn)
red-adult fat
Blue-adult. thin
yellow-chid fat
Green-chig thin

Blue-blua temaie
rellow-red maig
Qreen-dive mae

1" you have been unable 1o soive

1he Pecple Pieces Laun
1ound two Color Cubes Latin sq $quare. but have

Uares which can be placed one on lop of

S st 0 GOl Cubes Crd 16,y oyt s
S M:‘h": Peopie Pieces proviem Yoy may red 8 partner o
praclingpissis 03¢ 1hat you set up One cube may tell you, for
enaie whi ““:'Wl 0 1he upDer lefi-hang corner has 10 be red and
Each Iher Cube teils you that 1 also has 1o be & Thin chiid

Pair of Golor Cues. tharetore. determnes 1our vaives which s
feter 1o only 6w of the Peopie Peces

Ve =
@ ¥ x
LN
X 8 4

This set of attribute pieces has the same number of attributes and
values of each attribute as the People Pieces set Students may enjoy
making such sets by drawing on the back of the People Pieces set
or by drawing the shapes on separale cards. Students will profit
from making up attribute sets of their own
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Creature Card 1 Gligs

All of these are Gligs

M CUC

‘ None of these 1s a Glig

Which of these are Gligs?

e

Creature Card 2 Shlooms

All of these are Shiooms

jots

None of these 1s a Shloom

Huf

Which of these are Shiooms?

e

Creature Card 3 Wibbles

—

All of these are Wibbies

QVEHQ0

| None of these 1s a Wibble

%08@3

Which of these are Wibbles?

SRS
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Creature Card 4 Bleeps

All of these are Bleeps

S e

None of these is a Bisop

YD, |

Which of these are Bleeps?

DY |

—

Jexums
re Card 5
creat!

| ihasa are JOXUMS
Ao

*

Jaxum
1 these 18 &
pone ©

To

these are Joxums?

'E]
OR75) ]

Creature Card 7 Snorps

All of these are Snorps

N

None of these is a Snorp

(T4

Which of these are Snorps?

= mc—va

595

e

Creature Card 6 Gruffles

All of theye are Grulties

e

None of these 15 a Gruffie

IeGEe

Which of thess are Gruftlps?

Creature Card 8 Mellinarks
|

—_—

All of these are Mellinarks

None of these is a Mellinari

|
Which of these are Mellinarks?
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Creature Card 9 Skints

All of these are Skints

\ None of these 1s a Skint

| % @;80

| Which of these are Skints?

TG4

Creature Card 10 Mokes

All of these are Mokes

None of these is a Moke

O ll=

Which of these are Mokes?

PEASIINE

| Creature Card 11 Fubbyloofers

| All of these are Fubbyloolers

None of these 1s a Fubbyloofer

PHELE

Which of these are Fubbyloofers?

G
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Creature Card 12 Norleys

All of these are Norleys

AR e

None of these is a Norley

O

| Which of these are Norleys?

e

Florgiedoriles
card 13
r“;uro

\
nose are FIoT giedorties |
ael

SARRED |

are Florgiedorties ?

which of these

e

~

151

Creature Card 15 Trugs j

All of these are Trugs

=/ Vil

Nona of these 1s a Trug

A O QEN DV

| Creature Card 14 Quarks

‘ Al of these arg Quarks

‘ None of these 1s a Quark

I

Which of these are Quarks?

COMMENTARY: CREATURE CARDS

A Blocks, Color Cubes, and People Pieces enable students 1o explore
the relationships among attributes which are relatively unambiguous
There is the problem of isolating the attributes of the A Blocks and
the People Pieces, but these attributes remain constant and the
emphasis is on their use in forming various subsets. Creature Cards,
on the other hand, emphasize the identification of defining attributes
Itis possible to create, with lines on paper, a wide variety of attributes
and combinations of attributes. Creature Cards indicate some starting
points, a sampling of some of these possibilities. Students should be

encouraged to make up their own “creatures’ 10 explore other
attributes and combinations

Each of the first six Creature Cards has a single identifying attribute—
open figures, curved lines, tails, spots. and so forth. Cards 7. 8, and 9
present creatures which have more than one identifying attribute

Snorps must have spots and tails, Mellinarks must have spots, a black
dot, and a tail

The difficulty of these problems seems to depend upon the number
of defining attributes, the amount of irrelevant information or “noise,
and on the subtlety of the attribute. Mokes, for example, have a single
defining attribute, but many people may not notice at first that all
Mokes are the same height. Florgiedoriles, which can be identified

by their height and the number of arms, present another difficult
problem. Trugs are the only creatures in the series defined by a union

\nstead of an intersection of attributes shaded tnangles or unshaded
quadrilaterals are Trugs

Students may be able 10 point to the figures in the third row which
belong to the class which 1s named without being able to say how
they arrived at their answer One can have a hunch about a creature
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All of these are A's

® A ¥

None ol these is an A

«.ON

Which of these are A's?

o m A A

A fow cards whicn are presented in the same format as the Creature Cards may be heipful
N gething children to recognize that many of these new problems are basically the same ones
they are aiready tamiiar with
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and be able to solve the problem al a perceptual level, without being Teacher:

able to say why a particular choice was made The Creature Cards Here 15 8 Quigly:
can encourage analysis by showing students that they have 1o check
out their hypotheses step by step if they are to avoid errors D

There seems to be a subtle difference between asking a quastion in N

the form, “Can you point to the Gligs?" and, ls this a Glig?" The What do you think Quigites are?
first form of the question is often easier for younger students who Child:

can scan for “Gligness'' but have trouble in making a separate yes They'ré squares.

or no decision for each figure. 7: Butthis Is 8 Quigly too

Children as young as five have done the first few problems Our
expectation is that children in the early grades can enjoy the first
cards if they are presented in a relaxed, casual atmosphere and not -

I ]
in a formal teaching situation [ me. any rectangle
ﬁ’? is also & Quigly

Children may be interested in comparing the real world with that of
the “creature” world Some five-year-olds tried naming the Wibbles
they knew in the real world dogs, monkeys, horses anything with a
tail. A person with measles or freckles is a Bleep, and there are many
two-eyed Jexums around In comparing crealures in the card set !
some children observed that all Gruffles are Jexums, but only some
Jexums are Gruffles, that all Mellinarks are Snorps, but not all Snorps |
are Mellinarks

There will undoubtedly be some disagreement about the creatures
that children make up for each other, if not about the cards which are
supplied It may be usetul to discuss with children the necessity of
having some instances of things which do niot belong to a class in
order to be able to arrive at a definition It one assumes that any
creature can be a member of the class unless there is evidence to

the contrary, it is clear that Shiooms can have stnipes, tails, eyes,
spots, or any other fealures as long as they have a curved outhine
Consider the following sequence in which a very broad definition of
class i1s used

lies have straight lines for sides
Is another Quigly

C Al Quighes seem 1o enclose a single space
T But this is also a Quigly

C They must be enclosed-no openings
T This is a Quigly too

A

C But everything you have drawn on the paper is a Quigly!
T Yes, a Quigly is anything drawn on paper.

T
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CHAPTER TWO
ATTRIBUTE GAMES
AND THINKING SKILLS

Now that you have had firsthand experience with the materals and
problems which make up this unit, you may be interested in consider-
ing with us the nature of learning and ways in which children may

be helped to develop skill and confidence in their own thinking

A child's habits and styles of thinking and his attitude toward learning
are markedly influenced by the conditions under which learning takes
place. If speculations about the psychology of learning are to be
useful in education, they mus! take into account a wide range of
problems, including the subtle and of cl;
organization While certain experiences may be more useful than
others in helping children develop effective skills of thought, and
while it 1s hoped that the present materials make it possible for

many children to have such experiences, it must be pointed out that
simply ing a set of to without taking into
account their individual interests and development is unlikely to
produce lasting effects. Expeniences which result in growth cannot

be handed to a child. they are something which he must reach out
for and the opportunity for reaching may require conditions quite
different from those in which mere passive reacting i1s sufficient to
meet expectations

Thinking: Out of School and In

Babies and young children play, and we play with them We do not
attempt to teach them in a formal sense, and yet they learn a tre-
mendous amount, largely on their own imitiative in an environment
of interesting things and responsive people When they are directly
involved in an activity, the attention span of young children 1s much
longer than we normally expect in the classroom, and the intensity of
their engagement in the task at hand is often quite astonishing. A
child’s play 1s his work, a senous and compelling work for which

he uses any materials which may be available The young child has an
active mental life, he seems to be learning necessary and useful
things much of the time. In his imagination he creates stories, fan-
tasies which parallel or anticipate the real world

|

- intellectual acq . yet
uage ': ;imfl!""’:ma' instruction The child does most of the
b !;Iimulf. At first ne pays }[protably randonily, ta
work for 1s in what he hears. He may then begin 1o pay more
"‘"'H:nnnuoﬂ 10 the elements which seem important because
Mﬂ or of the context in which they occur He rehearses what
olrll*“‘:: ber, often in a I at Though
ng to I;l-k is an impressive accomplishment, almost all chidren
::I-n f we used traditional practices of formal instruction to

TR childran 10 talk, they might never learn. In view of their great

tial for jearning, any attempt to help children with their thinking

mb.undlﬂl“" with humility, restraint, and respect

conditions nder which young children learn so much are

L) ":.wma of our nursery schools and kindergartens In
the best of these there 1s respect for the dignity of the child his
fight to learn and his right to choose what he wishes to work on at

i moment are protected Under such conditions. the child's

bz for self-direction, his ability to become deeply involved in
“what he is doing, and his readiness to respond to meaningful inter-
{!\uomby adults and other children, are much greater than is

" commonly realized

When a child enters first grade at six, the conditions under which he
is expected to learn often change radically Unfortunately, the pattern
in the primary years is increasingly one of formal instruction with
most of the choices about content and approach made by the school
and the teacher, The teacher. with the aid of the timetable and the
curiculum, assumes responsibility for teaching the child and equates
teaching with learning - a most dangerous and misleading equation

Much of the child's potential for learning is lost as soon as someone
alse attempts to assume responsibility for that learning The child
may or may not be interested in what is taught or in the way 1t is
prasented, whereas formerly he was able to teach himsell by acting

upon his immediate interests He may learn 10 pay attention at least
part of the time to please the teacher, or to avoid punishment, but
he may lose much of his capacity to become deeply absorbed, and
his attention span may become a fraction of what it was when he was
working on g of his own g. The child who can be

y n his play may find himsell in a
situation where the only kind of persistence permitted him is that
which is applied to an assigned task. If he does become interested in
@ school activity he must make his interest conform to the schedule
of the classroom, putting away the things he is working on and
beginning something else many times a day He learns slowly to
conform to the schedule and the discipline of the classroom by set-
ting aside his own interests and learning the game called “'school

The kind of self and | h which led
the child to acquire |; y to the line of
the schoolroom and to the 1 of frag of gned
work

in addition to imiting scope for initiative and self-direction, formal
teaching situations often place other restrictions on children's learn-
ing To enable one teacher to instruct a class, subject matter s
broken down into little pieces which are presented one at a time By
checking to see whether these discrete pieces have been retained. the
teacher can gain the satisfaction of seeing a measurable result of her
teaching There is growing evidence, however, that it is often more
ditficult for children to coordinate separate elements presented to
them singly than it 1s for them to deal with much greater complexity
which they can handle in their own way Children may have difficulty
understanding things which are presented in little pieces Dnill and
repetition can make it appear that they have learned something, but
when memory fails. their ‘learning * disappears Playing the game of
school successfully demands a good memoary and an interest in
pleasing others The process of repeating, testing, repeating and test-
ing agamm, helps the teacher and the school substantiate the illusion
that the method i1s working Directed teaching of this sort often leads
81



to di ity in gp y the sy
of challenging complexity makes learming more difficult and less
rewarding.

An important idea that has grown out of the investigations that led
to this unit is that of "manageable complexity.' Many of the games
and problems suggested in this unit are complex. The matenals avail-
able, however. seem to lead most children to realize that although
s may not be imm y apparent, there is likely to be a way
of dealing with the complexity. The materials are rule-bounded: the
A Blocks set, for example, compnses four shapes. four colors, and
two sizes, and once enough pieces are on the table to lead the child
to suspect that there are no more shapes, sizes, or colors, he can
usually infer what the remaining pieces in the set must be. The city-
planning game with Color Cubes is a good example of this kind of
manageable complexity. There are a number of things for the child
to keep in mind as he decides which buildings go in each space, but
a visible record of his successtul hypotheses is left by the com-
pleted buildings, and thus the is not ov g The
natrix games suggested on Cards 19 and 20 of the A Blocks set are
urther examples of manageability the attributes shared by rows and
olumns must be determined in order 1o solve the problem, but all the
formation needed Is present in a form that invites taking steps
hich will lead to a solution Many—though not all - five-year-olds
id these problems challenging. as do many— though not all —adults

eature common to most of the games and problems is that memory
10t as important as reasoning ability. In many school settings
*mory 1s often crucial, and the child with a good memory may be
: to succeed with very little real thought or insight Confronted
a new problem or a rearrangement of an old one, however, the
! who 1s accustomed to relying on memory may be at a loss. His
ing 15 often as linear as his instruction has been; the steps he
sllowed have little relationship to one another; and he may have
10tion of where he has been or where he i1s going This does

not seem to be a y pattern for .

Simult; and Seq Ti g
It may be useful to distinguish between two kinds of thinking, simu/-
and seq /, always g. however, that these

terms, or any terms that one might use, are really shorthand for
extremely complicated modes of thinking which are imperfectly
understood

f information

In complex situations we often deal with quantities o
I —e
]

virtually Y ¥
perform complex physical acts such as riding a bicycle, dniving a car
or 9. without yzing the separate components of the acts
or being able to explain in words how these components are related
We do the same when we perform complex acts which are not physi-
cal. For example, we are all able to recognize people we have seen
before without having to stop to consider their individual features

Consider this last example. It really 1s remarkable that we are able to
recognize hundreds of people all having two eyes, two ears, a nose,
and a mouth. Unless an individual has outstanding features, wa may
find 1t quite impossible to describe him enough for someone else to
recogmize him It 1s not simply the shape of the nose, the expression
of the mouth, or the color of the eyes which triggers recogmition It
15, rather, our simultaneous awareness of these and many other cues
which gives us a virtually instantaneous impression of a unique
individual. We seem to be able to handle a deluge of information at
once, our thinking 1s so swift that we may be completely unaware of
how it is proceeding
Most of the time it 1s not necessary to analyze the things we do easily
and naturally. Analysis becomes important when performance falters
or when we wish to become consciously aware of the reasons for
the conclusions we reach, or to communicate these reasons to others
Then we must be able to isolate bits of information which we have
acted upon and deal with them one at a time, sequentially

apparently either deal with many ideas at the same time, unre-
o r we can separate and analyze the components of a
52 ith them one at a ime We probably cannot think

ling Wi g
situation d...g once, since focusing on pects of a

in both “w| our awareness of the whole. What we may do, how-
M“Wdrmmnmnon rapidly back and forth from the whole
gver. (8 10 S s
me‘;.;n and Probl s to help children exercise
pecome confident of their ability to think in both ways and to
:':,‘W poth modes of thought in complex situations
quravm experience in taking the A Biocks oul of the box
ou were probably able to infer the contents of the set

o w::l::pl.ces were on the lable You were soon able to tell
::::,‘m without having to consult a list of the pieces
When you built with the pieces and later picked up one of them and
named its values, you did so within a framework of awareness of
eir values. In other words, you were able to deal

pieces and th
::::r“ one at a time or many at a time, and could shift back and

forth, easily, between the two kinds of thinking

A Blocks and the other materials provide the child with an anchor

for his thoughts as he shifts from the whole to its parts and back
again. The materials are bounded by their defining attributes. which
have a high degree of contrast Bright colors, distinct shapes. and ‘
differences in size emphasize the uniqueness of each of the A Blocks
while also making it possible to group the matenals into sets having
properties in common. The contrast makes it possible for children
1o shift from the identification of an individual piece, such as the
small red circle, 1o formation of a class, such as the red pieces or
one which involves two attributes. such as the smail circles

eously or seq

The real world is not as simple as the A Blocks world because there
are more attributes to deal with, many of them not nearly so easy 10
distinguish from one another To become skilled in dealing with this

kind of complexity and to develop an awareness of the logical rela-
tions between classes of objects, it may be helpful to have had experi-
ence with a model compnsing a small number of easily identitiable
attnibutes

The idea of a model is important to an understanding of the possi-
bilities tor using the attribute materials. The term is used here in the
sense of a simplified mental picture of the important aspects of a

complicated problem in the world We use models continually in

everyday life, they correspond 1o our exp s about
and objects and might be thought of as maps for maneuvering in a

complex environment We may be unconscious of a model unless we
stop to wonder why we were so readily able to deal with a novel set

of circumstances
A Blocks is the one model in this collection. It is supplemented by
Peopie Pieces, another set of blocks with attributes which are not so
easy to name Color Cubes invoive six values of only one attribute
Creature Cards, drawings on paper. introduce a large variety of values

for children to discover With so many varialions, children have
many models which may be of use in mastering complex situations

Classitication
Classification plays a major role in our everyday thinking, often
without our being aware of it Forming classes and dealing with their
relationships 1s a part of logic, but we can and do use logic without
tical use unless

studying its formal rules Indeed. 10gic 1S of Itle prac
ur minds react when confronted with

1t becomes one part af the way ©
problems These attnbute materials are not intended to teach the
formal logic of classification They are one result of a search to find
ways 10 help children develop skills in thinking which will enable
them 1o use logical relationships in their daily lives. Let us con-
sider the logical as well as the psychological problems involved in
categonzing



Attributes are not tangible objects in the same sense that blocks
are. but rather are the properties of objects which we have chosen
to isolate and pay 1o ! n
part, of g to discover (or g toa

logic is not likely to be useful in helping children to think effectively
Children can learn to talk about sets and subsets, unions, inter-
section, and negations without having the skill to handle real-life
class relations in their heads. It may be unfortunate to force children

particular bit of the world and of learning to deal with the
ships among these attributes.

p ly into ylic operations. This may prevent
them from exposure to a more challenging complexity than the
particular one isolated for analysis and may make it ditficult for them

Classification enables us lo make sense of a i of

and to cope with complexity which might otherwise be overwhelming;
it gives us tremendous mental powers we would not otherwise
possess. It is important to recognize that we have considerable
latitude in choosing the attributes we will use in classification.
Attributing involves arbitrary decisions to pay attention to certain
aspects of experience and not 10 others.

If you think about the A Blocks, you will realize that there are many
attributes which could be used to categorize them but which have
been ignored in the suggested games. Such attributes might include
weight, the material the blocks are made of, surface texture. the
sharpness of the corners, and so forth. In their spontaneous play
with the pieces, children may pay attention to all these attributes and
others which we have not varied systematically. The blocks have
been designed so that size. shape. and color are the attributes easiest
to use in analyzing the set. If all the blocks were the same color but
some weighed one ounce, some two, some four. and some eight
ounces, then color would no longer be a particularly useful attribute
while weight would be extremely relevant.

The choice of particular attrib for use in p

restricts the amount of information one will deal with, thus making the
universe of objects more manageable. Effective thinking requires
skillful choosing. The categories we choose are our responsibility.
and we must be flexible and careful in choosing as well as in using
them if they are to serve us well

Undue emphasis on content or concern about the “methodology' of
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to coordinate what they learn in the most useful way

Summary
For these r this unit h the importance of free play
and the of avoiding st d periods of directed teaching

Children should be encouraged to invent their own classificalions as
well as to use conventional ones The activities suggested in the
problem cards represent an attempt to allow children opportunity to
develop their talents through exposure to challenging bits of com-
plexity which can be handled by an alternation between simultaneous
and sequential functioning, and to become aware of their growing
competence as they do so. In free play with the blocks, they may deal
with a richness of ideas and associations which is not tapped when
the focus is on specific classifying attributes In classifying and
dealing with the relations between classes, on the other hand, they
may become aware of a keenness and precision of mind which can
be vital in dissecting a complex experience for a specific purpose

There is considerable evidence that a child's orentation to learning
his habits of thought, become established early in life and are quite
persistent The explorations which children make with attnibute
materials can provide them with a model which may be useful for
thinking in a wide variety of situations, a model which may help them
become more sensitive to the world around them, more aware of their
own thinking about it, a8 model which may lead them 1o an increased
confidence in their own intellectual performance

THREE
on::':,:,. CHILDREN
us!

e of complexity in Attribute Games and Problems makes it

ran
Th.(;blaghf children from kindergarten age through junior high school
su:"d d. Children just entering school will not, of course,

roach the materials in exactly the same way as will older children,
.::W and pr must be ad d to meet individual
:Ilu ations. It Is surprising, however. that some of the skills invoives
n solving of this sort appear to be relatively independent of

, and adults may the same g blocks as five-
!,ur-ddl For this reason. it is not possible to prescnibe in advance
which problems can be undertaken by each grade level A number of
ﬂv&v‘lf““'d’ may be able to do some problems with as much skill
as most ten-year-olds. within any one class the range of ability to
cope with complexity will be great At the same time, however
mnwcmldren may be less able 10 relate their understanding to
other activities in school and in the world outside

1f-d " d

Blocks, they can stant with the other materials and later return to the
A Blocks problems

The amount of material you order for a class will depend on how
you plan to use it. It is recommended that this work be done indi-
vidually or in small groups in kindergarten and the early grades, and
In this case two sets may be sutficient for a class If you wish to
make these to more at the same time,
you should order according to the ratio of one set for each pair of
children

A class in which children have a real choice of activities provides the
1deal setting for Attribute Games and Problems Here it is possible to
introduce the matenals in small groups, or even 1o the entire class,
and also make them available for the children to use at will. At this
age, children will enjoy playing some of the games that have been

Beyond the broad distinction between d, p 't use
of materials at the junior high school level and their use in class or
in small groups under a teacher's direction at earlier ages. no attempt

has been made to specify activities for different age levels There may,

of course, be scope for independent activity on the part of younger
children and for class or small group use of the materials by older
children. No hard and fast rules can be laid down

Games and problems should be introduced to younger children
(grades K-5) by the her Alth h it may be to present
them to the whole class at once, working with smaller groups is
usually most effective. While one set of problem cards for the teacher
is sufficient, it 1s advisable to have extra sets on hand for older
children who may be ready to proceed independently and who may
enjoy the challenge of working from written instructions The Color
Cubes, People Pieces, and Creature Cards can also be used by pairs
ol children. Students should have an opportunity to work on the
Creature Cards individually betore sharing their ideas with others
When children have developed considerable familianty with the A

d by the teacher, making up new games 1o play with each
other. or just exploring the blocks by themselves

In upper grades where the imetable s flexible, the matenals can be
introduced and used in much the same way as with younger children
It the classroom schedule is less flexible, the matenals can be made
available to children to use on their own before classes begin, be-
tween classes, during recess, or whenever the situation permits

Many older children (grades 6-9 and higher) should be able to work
directly from the cards, whether the matenal 1s used with a class as
a whole or as an independent activity by individual children. Many
of the problems require a partner. and even some that don't may be
most profitably and enjoyably approached when two students are
waorking on them together For this reason, it is best to have one set
o! probiem cards and materials for each pair of students using the
unit

Students working alone must be free to pursue their own ideas. They
should think of the cards as a guide to possible activities, not as a



programmed course in logic Not all
involved in this way, taking responsibility for their own learning—
particularly when they are tor g detailed instruc-
tions from the teacher When a student appears to be proceeding too
dutifully, following the suggestions on the cards as if they were
recipes in a cookbook, it might be advisable to offer the cards as an
optional activity and present various problems and games yourself,
much as you would with younger children Students should also be
discouraged from racing competitively through the problems.

Some junior high school teachers may wish to use Attribute Games
and Problems as a supplement to their courses in mathematics or
science, to provide more experience in dealing with sets or classifica-

sense of freedom for you and your students You should not feel that
it is your responsibility to get every child to do every problem Chil-
dren who are ready can be led on to more challenges, and you in turn
should be ready to respond to the challenges individual children set
for you and for each other. To insist that all children proceed through
the games and problems in the same way and at the same speed
would defeat the aim of the entire undertaking If a student is to
develop tenacity, if he is to take a delight in problem selving, he
must be free to choose his own problems and his own way of attack-
ing them. He must be free to change the approach, to leave a prob-
lem, to return to it, to dwell on one problem for a long time, to reject
another.

A the cards may be used by older students, working inde-

tion. This is an acceptable approach provided the emp!
on developing skills of thought, not on turning the problems and
games into a currniculum to be followed in the conventional manner.

Two kinds of learning are required of you as a teacher in using these
materials First, you must explore your own thinking. The insights you
ganed as you worked through the problems will help you appreciate
what the children are doing

The second kind of learning will come from observing children’s
thinking as they deal with challenging problems in their own way,
from becoming acquainted with the intellectual skills of your students
and their potential for growth

While there are surely ways in which children can be helped to
develop more effective skills of thinking, these require a departure
from conventional ways of teaching and learning Attribute Games
and Problems provides no built-in requirements for study at particular
grade levels for prescribed periods of time, nor are there specified
goals or rates of advancement The work should be approached
experimentally, in a spirit of adventure, rather than methodically with
the expectation that students should be trained up to a certain level
of performance that can be carefully measured There must be a

pendently, they have been provided primarnily as starting points for
you, as a means of familiarizing you with some of the discoveries
children have made and some of the things they have enjoyed doing
You yourself must feel tree to be guided by the cards or to put them
aside as the occasion requires. Children are far 100 vanable for
anyone to be able to provide detailed prescriptions for the way in
which this work should proceed

Learning is a complicated process To help children you must be
ready 1o stand back, observe what they do, and not succumb to the
temptation to give that little bit of assistance which could lead a child
prematurely to a solution You must allow time for your own insights
and your awareness of children’s potential to develop

You, the teacher, hold the key to success in using these matenals
You must determine the best approach for your class. you should be
sensitive to each student’s ability and should help him discover a
working level high enough to intrigue him but not so high that it will
overwhelm him With experience you will learn when to introduce new
problems, when to dwell longer on one problem, when to review

and when to suggest free play

ho are familiar with Attribute Games should be encouraged
children 1o other materials Here are some “attribute marbles ’
1o @x! ther

.1 am thinking of one of these marbles.
Which one I8 "
g of the questions children asked )
W;mm
“Does It have propellers?”
“is 1t large?”
o< 7" (The size differences are just noticeadle )

e of them have small scratch marks on them )

@ color? Two colors? Three colors?”

flower family?” (One child noticed that the marbles could
by the internal pattern )

An adult asked, "Is it dittuse or discrete?” Indeed. the marbles
be classified rather well by this attribute

could
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